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Abstract

Given n i.i.d. random matrices A; € R%*? with common expectation ., the goal
of Differentially Private Stochastic PCA is to identify a k-dimensional subspace
capturing the leading variance directions of X, while preserving differential pri-
vacy (DP) for each individual sample A;. Diingler and Sanyal [2025] introduced
k-DP-PCA, the first algorithm to simultaneously (1) achieve sample complexity

n = O(d) for sub-Gaussian data, (2) adapt its privacy noise to the intrinsic ran-
domness of the data, and (3) extend seamlessly to any target dimension k& < d.
However, its sample complexity has a suboptimal dependence on k. We propose
the first algorithm that achieves optimal sample complexity in both d and k, while
retaining properties (2) and (3) of k-DP-PCA. In addition, our method removes
the exponential dependence on the eigengap that appears in the sample-size lower
bound required by prior utility guarantees, and improves the dependence on spectral
parameters to match known lower bounds for the spiked covariance model. Unlike
deflation-based approaches like k-DP-PCA, our algorithm updates the full d x k
subspace jointly rather than one eigenvector at a time. This non-deflation structure
simplifies the algorithm, reduces the number of hyper-parameters, and improves
computational efficiency, particularly when using block linear algebra libraries.

1 Introduction

Principal Component Analysis (PCA) is a basic technique in statistics and machine learning. Given
data vectors 1, . . ., z,, € R? classical PCA estimates the leading eigenspace of the empirical second-
moment matrix % > x;x; . The task of recovering the top k eigenvectors is typically referred to
as k-PCA. In this paper, we study a stochastic variant of this problem. The input is a sequence of
independent symmetric matrices A, ..., A, € R?*? with common expectation ¥, and the goal is
to estimate the top-k eigenspace of . In addition, we want to protect the privacy of the individual
samples A; in the sense of differential privacy [Dwork et al., 2006].

Differential privacy offers a formal framework for protecting the privacy of individuals represented
in a dataset, and has been deployed in settings involving sensitive information, including census
data analysis and large-scale industrial analytics [Abowd et al., 2020, Apple, 2017]. Private PCA
has commonly been studied in the fixed-dataset setting for nearly two decades [Blum et al., 2005,
Chaudhuri et al., 2013, Hardt and Roth, 2013, Dwork et al., 2014], where algorithms typically rely on
deterministic norm bounds. When such methods are applied to stochastic PCA, these bounds must be
enforced through clipping, but this transfers a worst-case fixed-data requirement into a setting where
the observations are random. The resulting privacy-utility guarantees are therefore often suboptimal:
they either require sample sizes that grow super-linearly with the ambient dimension d, or add privacy
noise at a level that does not exploit the randomness already present in the observations. Consequently,
applying fixed-dataset private PCA methods directly in the stochastic setting typically yields error
bounds of order O(\/dk/n + d*/?k/(en)), where  denotes the privacy parameter, while the known

optimal rate is of order O(y/dk/n + dk/(en)) (Theorems 7 and 8).
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The first adaptive private algorithm for stochastic PCA was given by Liu et al. [2022] for the case
k = 1. Their key idea was to privately estimate the fluctuation scale of the stochastic update and
to clip around a private center rather than around zero. This makes the privacy noise scale with
the randomness in the data. Diingler and Sanyal [2025] extended this adaptive principle to £ > 1.
Their method, however, is deflation-based: it estimates one direction, projects it out, and repeats.
This sequential structure introduces an additional dependence on k: their error bounds are of order
O(\/dk3/2 /n 4 dk®/? /(en)). Additionally, because their deflation-based algorithm estimates the
eigenvectors one at a time, with parameters reselected at each step, it is both more cumbersome
to tune and computationally ill-suited for block linear-algebra implementations that are efficient in
practice. Cai et al. [2024] obtained optimal rates for Gaussian data when the unknown population
covariance X satisfies the flat-tail condition A\y+1 = - - - = \4z. However, because X is itself unknown,
it is unclear if this condition can be privately certified from the input data in general. As a result, their
privacy guarantees rely on an unverified distributional assumption on the data-generating process.

Our Contributions Our first contribution is ADADPO (Algorithm 2), a non-deflation-based adaptive
private variant of Oja’s algorithm (Algorithm 7) that achieves the optimal dependence on k in
sample complexity. Unlike deflation-based methods such as k-DP-PCA, which reduce k-PCA to k
private one-dimensional problems, our algorithm estimates the target k-dimensional subspace jointly.
Moreover, its adaptive privacy mechanism uses a single block-level scale estimate and clipping center,
rather than k separate range estimators, before adding calibrated symmetry-preserving Gaussian
noise. This joint treatment is what avoids the extra cost of handling the k directions separately. We
show that ADADPO achieves the optimal dependence on d and k& (Theorem 2), and performs well on
simulated data.

Our second contribution is TADADPO (Algorithm 3), a refinement of ADADPO that improves the
dependence of the private error bound on the spectrum of . The main idea is that, after obtaining a
sufficiently accurate initial estimate of the top-k eigenspace, the remaining estimation problem has a
more favorable local geometry. TADADPO exploits this local structure in a second phase to reduce
the amount of privacy noise needed for the final refinement. We prove a general utility guarantee
for this procedure in Theorem 6. In the spiked covariance model, this yields the optimal spectral
dependence up to logarithmic factors, matching the lower bound of Cai et al. [2024].

Corollary 1 (Informal version of Corollary 3). Assume A; = :Lyo:j with z; ~ N(0,X), where X is a

spiked covariance with a flat tail, meaning that for some k € [d], A\g+1 = - - - = \g. Let V}, € R4¥K
be the true top-k eigenvectors of X, and let A\, — A\11 > 0. Then the output Qr of TADADPO

satisfies
forar - v <0 (Y25 [ 2]
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The rest of the paper is organized as follows: Section 2 defines the stochastic PCA problem, the
privacy model, the main assumptions, and a theoretical warm up for the following sections. Sec-
tion 3 introduces ADADPO, its guarantees, and experiments. Section 4 presents TADADPO and its
guarantees. Finally, Section 5 gives an overview of related work and presents the conclusion.

2 Problem Formulation

Let Aj,..., A, € R%*? be independent symmetric random matrices with common expectation
Y = E[A;]. We assume that X is positive semidefinite with eigenvalues Ay > --- > Ay > 0,
and we denote by V;, € R?** the matrix containing the top k eigenvectors of .. The goal of
Stochastic k-PCA is to output Q € R%** with orthonormal columns such that QQ " is close to ViV,
with error measured by HQQT — VkaT Throughout the paper, we assume a nonzero eigengap
A — /\k+1 > 0.

We write Sq == {Q € R™>*: QTQ = I}, }. For Q € Sq i, let Il == I — QQ " and

|-

Sg ={Y e R™*: QY is symmetric} .

. . T . L .
For a square matrix B, write sym(B) := %. The Frobenius-orthogonal projection onto Sg is

Ps, (Y) :=1IQY + stm(QTY).



We use |||, for operator norm, ||| for Frobenius norm, (A, B) = Tr(A' B) for the Frobenius
inner product, and ||-[|, ; for the Schatten-(2, k) norm. The notation O(-) hides polylogarithmic
factors.

Definition 1 (Differential privacy). Two datasets S and S’ of the same size are neighboring (S ~ S’)
if they differ by replacing one entry. A randomized algorithm M is (g, §)-differentially private if, for
every neighboring pair S, S’ and every measurable event &,

Pr(M(S)e&) <e*Pr(M(S')e&)+6é.

A standard way to ensure differential privacy is the Gaussian mechanism.

Definition 2 (Gaussian Mechanism). For a query f with sensitivity A(f) := supg_g/ ||f(S) —
£(S")|l2, one releases

M(S)=f(S)+g,  g~N(0,0%I).
For o 2 A(f)+/log(1/6)/e, this mechanism is (e, §)-differentially private.

ADADPO is analyzed under the following global model, which is the same type of model used in
prior stochastic private PCA analyses. We emphasize that our privacy guarantees are distribution-free;
the assumptions below are used only for utility. In Assumption B, we introduce a local tangent-space
refinement of this model, which applies after a sufficiently accurate warm-up phase and leads to
sharper bounds for TADADPO.

Assumption A ((X, {)\i}le ,M,V, K, a,~)-model). The matrices Ay,...,A, € R>? are inde-
pendent, symmetric, and satisfy:

A.l1 E[A;] = X, where ¥ = 0 has eigenvalues Ay > -+ > A\g > 0, corresponding eigenvectors
Vly.e.., Vg and N\, — A1 > 0.

A2 ||A; — X5 4) = SUPpes, , |PT(A; - Z)HF <M as.

A3 ||E[(4 — %)%, <AV

ma
llull2=1,]lv[l2=1

‘uT(A.,Z)v‘Q /2 1
exXp ([M%”M) < 2, where Hu = T%E[(Al — E)U UT(AZ —
) '] and we denote 4> = max |y =1 || Hul|2.

Assumptions A.1 to A.3 are standard for matrix concentration (e.g., under the matrix Bernstein
inequality [Tropp, 2012]) and thus also required for the utility guarantees of Oja’s algorithm even
in the non-private setting. Assumption A.4 controls the size of the bilinear form u " (A4; — X)v and
can be seen as a Gaussian-like tail bound, which tells us that the magnitude of the projection of the
fluctuation A; — ¥ is bounded with high probability. It is a standard assumption in related private
stochastic PCA analyses [Liu et al., 2022, Diingler and Sanyal, 2025].

2.1 Theoretical Warmup

One of the most widely used algorithms for Principal Component Analysis (PCA) is Oja’s algo-
rithm [Oja, 1982, Oja and Karhunen, 1985]. It is a streaming algorithm that receives a sequence of
matrices A; and at each time step updates a k-dimensional subspace @Q); by

Q= QR (Q¢—1 + 1t At Q¢—1) -

where 7, is the learning rate at time ¢. The standard utility theorem for Oja’s method [Huang et al.,
2021] assumes that the matrices A; are independent, symmetric, and have common expectation X.
We recall the full statement and pseudocode in Theorem 9 and Algorithm 7. These two requirements
are exactly what make a private adaptive block update delicate.

If one could release (A; + G;)Q¢—1, where Gy is an independent symmetric Gaussian matrix, then
the update would simply be Oja’s algorithm run on perturbed symmetric matrices A; + G;. The
challenge, however, is not merely privacy, but adaptivity: the algorithm must privately estimate the
range of the matrix being privatized, choose a clipping threshold, and add Gaussian noise calibrated
to the resulting sensitivity.



Adding noise to the full matrix A; would preserve the standard analysis of Oja’s algorithm, but
would require clipping at the range of A;, which can be much larger than the range of the projected
update A;Q;_. Since privacy only needs to protect A;@Q;_1 € R?**_ this would be unnecessarily
conservative and would destroy the adaptive gain. Instead, we estimate the range and add Gaussian
noise directly in R4%¥  at the scale of A,Q;_;. This is the right scale for privacy, but the noise
is generally not of the form G;Q;_1 for any symmetric G;. Hence the effective matrices are no
longer symmetric, and the standard theorem for Oja’s algorithm no longer applies. This is one reason
prior adaptive k-PCA algorithms use deflation. Diingler and Sanyal [2025] reduce the problem to a
sequence of private one-dimensional PCA calls. For k = 1, the Oja update becomes

qt = QR (qe—1 + 0t Asqi—1)

with ¢; 1 € R In this k = 1 setting, the available utility result does not require the input matrices
in the update to be symmetric. Deflation therefore avoids the symmetry obstruction that arises for the
full d x k block update. However, it requires fresh batches of data to maintain independence across
directions, which loses a factor in the dependence on k.

We retain the block update through two new observations. First, for fixed @, the action of any
symmetric matrix on () lies in the linear space

So ={Y e R”*: QY is symmetric} .

Thus the privacy noise only needs to be added inside S, rather than in all of R¥**. This already
restores a symmetric representation: every element of Sg can be written as G o for some symmetric
matrix Gg. However, with the natural isotropic noise on S, the representing matrix G depends on
Q. Along the algorithm, @) = Q;_; is random and adaptive, so the resulting effective matrices are
not an i.i.d. sequence of symmetric perturbations, and the standard theorem for Oja’s algorithm still
does not apply.

The second observation is that adding slightly more noise gives a ()-independent symmetric repre-
sentation, while preserving the same privacy guarantee. To state this precisely, we use the following
notation.

Definition 3 (Gaussian Orthogonal Ensemble). A symmetric matrix G € R?*? is sampled from
GOEq4(0?) if Gy ~ N (0,20?) and G;; ~ N(0, %) independently for i < j.

Lemma 1. Fix Q € R with QT Q = I.. Let Z € RY>F have i.i.d. N(0,02) entries, let
Nsym ~ GOEy(c?), and let G ~ GOE4(c?). Then

QNym + (T -QQT)Z £ GQ.

To privatize the projected update AQ), we need a uniform sensitivity bound. Since AQ is not
deterministically bounded under the stochastic model, we enforce such a bound by clipping in
Frobenius norm. For R > 0, define

| Y. IV, < R,
1 Y) =
clipr(¥) {RY/HYHF, IY]e> R

Thus, at an iteration with current iterate (J;_1, we use the private clipped update
Q= QR (Qi—1 + 1 (clipp(ArQi—1) + Q1 Ny + (I — Qtle;[I)Zt)) )
where N; ~ GOE(0?) and Z; € R?*¥ has i.i.d. N'(0, 0?) entries.

For any R for which clipping is rare, the update agrees on the no-clipping event with non-private
Oja’s algorithm applied to A; + G;_1, where G;_1 ~ GOEg4(0?). Thus we can privatize the full
d x k block update while preserving the structure required by Oja’s analysis. The next theorem
gives a fixed-radius guarantee, choosing R under Assumption A so that clipping is unlikely and the
dependence on k is correct.

Theorem 1 (Utility of Algorithm 1). Assume Ay, ..., A, satisfy Assumption A. Set
R = C\Vdk(K~vlog®(ndk/¢) + 1), B =n/logn, T=|n/B]|.
Using appropriate learning rates, if
- { 2NV kM A (Ky + 1)k3/2d}
n Z maxq 5 > ,
Ak = Akt1)? " CAk = A1) €C(Ak — Argr)
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Algorithm 1 Private Oja’s

Input: S = {A;}! ,, k, batch size B, privacy parameters (¢, §), learning rates {m}iT:l, clipping
radius R.
1: SetT < |n/B]J, 0 < 2R+/2log(1.25/9)/(Be).
2: Choose Q) € R4** uniformly at random and set Qg + QR(Q}).
3:fort=1,...,T do
4 SetTlg, , + I —Qi—1Q/ ;.
5 Draw Z; € R¥* with i.i.d. entries N'(0, 0%), and draw Ngym ¢ ~ GOE(0?).
6: Q¢+ QR (Qtfl + ¢ {% ZEEB(FUH clipp(A;Qi—1) + Qt—1 Neym,t + HQt,lzt} )
7
8

. end for
: return Q.

then with probability at least 1 — (, Algorithm 1 outputs Qr satisfying

MVEV n M (K + 1)kd
Ak = Aer)vn ek = Agg1)n )

QrQF VT, <0 (

The first term is the stochastic error of Oja’s algorithm, and the second term is the privacy cost. In
particular, the privacy term scales as dk/(en), reflecting the block update over all k directions.

Example 1 (Gaussian covariance and the k-dependence). Let A; = :z:zozzT with z; ~ N (0, ). Then,
with high probability, Assumption A holds with M = O(A\d), V = O(d), K = O(1), a = 1, and
~v = O(1). Thus, applying Theorem 1 on this high-probability event gives

1Qe@F — ViV < o( 2y (m . dk)) |

(M= A1) \ Vo en

However, Algorithm 1 is not adaptive. Since R is fixed before the algorithm runs and clipping is
around zero, the radius must cover both (A; —X)@ and Q. Consequently, the privacy noise need not
vanish even when the stochastic fluctuation does. Thus the block update has the right k-dependence,
but its privacy cost is not adaptive to the randomness in the data, as illustrated in the example below.

Example 2 (Spiked covariance and adaptivity). Consider the rank-one spiked model x; = s; + n;,
where s; ~ Unif{v, —v}, n; ~ N(0,0%1;), and v € R? is unit norm. Let A, = x;z], so
Y=E[4] = w ! + %I, As o — 0, the samples become nearly deterministic: A; — w!l =3,
and the stochastic fluctuation scale ~y tends to zero. However, the radius used in Theorem 1 is
R=CX\ \/%(K'y log®(ndk/¢) + 1). Thus R remains of order \\/dk even when ~y — 0, and the
privacy noise does not vanish in the nearly deterministic regime. The adaptive algorithm in Section 3
removes this obstruction by privately estimating a center for A;Q and clipping around that center.

3 Adaptive Private Qja’s

The warmup in the previous section gives a private block version of Oja’s algorithm with the correct
dependence on k, but its clipping radius is fixed in advance and centered at zero. We now make
the block update adaptive. At each iteration ¢, Algorithm 2 estimates a center for the projected
samples A;Q;_1 € R?* and a range parameter controlling their fluctuations around that center
(PRIVRANGE, Algorithm 4). It then clips around the estimated center and computes a truncated
batch mean (TRUNCATEDMEAN, Algorithm 5) and finally privatizes the mean by adding Gaussian
noise. The sensitivity, and hence the Gaussian noise scale, is calibrated to the empirical fluctuation
radius rather than to a worst-case radius fixed before the algorithm begins. Conditional on ();_1, the
population center of the projected samples is >Q;_1, so the relevant fluctuation is

AiQi—1 —XQi—1 = (A; — X)Q¢—1.

This is the quantity controlled by the fluctuation parameter . Consequently, when the stochastic
fluctuations are small, the clipping radius and privacy noise become small as well. This is the
adaptivity captured in Theorem 2.



Algorithm 2 Adaptive Private Oja’s (ADADPO)
Imput: S = {Ay,...,A,}, k € [d], batch size B, privacy parameters (g, ), learning rates
{n}1"75 and failure probability ¢

1: Choose Qf, € R¥*¥ uniformly at random, Qo < QR[Q})]
2: fort=1,2,...,7 = |n/B] do

3: Estimate Range A; <~ PRIVRANGE ({AiQt_l}igzﬁtﬁf, (¢,0), C/QT)

4: Set Truncation Threshold Ry < 3K \/ZA\T log®(Bdk/(2¢))

s: G; + TRUNCATEDMEAN ({AiQt,l}ffB_(tleB/zﬂ, Ry, Ay, (e/2,5/2), C/QT)
6: Set privacy noise multiplier o, <— 81%%7\&{@ \/W

7. Z, € RYF with coordinates %' N'(0,02),  Neymt ~ GOEg(02)

8: Q¢ <~ QR {Qtfl + (Pthfl (Gt) + Qt—1 Noym,t + (I — Qt—lQ:—l)Zt)]
9: end for
10: return Qp

Lemma 2 (Privacy of Algorithm 2). If0 < € < 1 then Algorithm 2 is (¢, 6)-DP.

Remark. The restriction on € can be removed by replacing the standard Gaussian calibration with
the analytic Gaussian mechanism. This calibration is less convenient to state in closed form, but is
readily implemented in our experiments.

Theorem 2 (Utility of Algorithm 2). Given matrices A1, ..., A,, fulfilling Assumption A and setting
the batch size to

B =n/log(n), T =|n/B],
then for

{ k2A\2V kM MEyE32d  dk K2d}

n Z max 2 29 ’ y T )

CAk = Xe41)? COk = Akgr) " eC(Ak = Akg1) €7 €

there exist learning rates {n;} so that with probability at least 1 — { Algorithm 2 outputs Q1 with

AVEV VEM L MKdky )

T T A
- WiV <0 +
|Qr@r = Viicllr = (ukAmowL<M—mHm O — A

Corollary 2 (Rank-k spiked covariance). Let Vi, € R*** have orthonormal columns, let A =
diag(A1, ..., Ak) with Ay > -+ > A, > 0, and let X; = ViAY2 + 07, (Zi)ap "5 N(0,1). Set
A; = X; X!, then ¥ = E[A;] = VkAVkT + ko214 Running Algorithm 2 with input A, ..., A,
outputs Qr with high probability satisfying

~ [ o/ (M + ko kd Kdkov/) i + o2k
n@QJ—wwa§O<V(1 ) VA )

DYRVLD + ENLT

Remark. The privacy term in Theorem 2 scales with the fluctuation level o and vanishes as o — 0.

To estimate fluctuations around the mean (Algorithm 4), we build on the private range-estimation
idea of Liu et al. [2022] (Algorithm 6). The new difficulty is that our updates are matrix-valued:
A;Qi—1 € RY¥F rather than vector-valued as in the top-eigenvector setting. A naive extension would
estimate a range separately for each column and compose privacy over k runs. Instead, Algorithm 4
estimates one range parameter for the whole batch by taking blockwise maxima over the k£ column
fluctuations and running the private histogram learner only once per update step. This lets us update
the entire k-dimensional subspace at once, rather than using a deflation-based sequence of private
one-dimensional problems as in Diingler and Sanyal [2025].

3.1 Experiments

We compare ADADPO against the stochastic DP-PCA methods: k-DP-PCA and k-DP-Ojas [Diingler
and Sanyal, 2025], and against stochastic adaptations of the DP-Gauss algorithms of Dwork et al.
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Figure 1: Comparison of ADADPO with baselines on the spiked covariance model. We plot the mean over
10 trials, with shaded regions representing 95% confidence intervals. We set ¢ = 1, § = 0.01. For the top row
figures we set k = 5.

[2014] and the noisy power method of Hardt and Price [2014]. The latter methods were designed for
deterministic bounded-data settings, so we adapt them to our stochastic model by clipping.

The algorithms of Dwork et al. [2014] assume a data matrix X € R™*4 with rows bounded in
Euclidean norm by one and estimate the top eigenspace of X ' X. The noisy power method was
originally analyzed under single-entry matrix changes of size at most one. Later analyses [Florina Bal-
can et al., 2016, Nicolas et al., 2024] showed privacy under perturbations A’ = A + C satisfying
V2 [1C5.: |17 < 1. In contrast, our setting observes independent matrices A;, with no deterministic
norm bound, and the goal is to estimate the top eigenspace of E[4;] = X.

To use deterministic baselines, we clip the samples. A global normalization #; = x;/ max; ||z;]|2
is not private, since one sample can change the normalization of all samples [Hu et al., 2024].
Normalizing each sample individually, Z; = x;/||x;||2, changes the target because generally
E[zz T /||z||3] # . Instead, as in [Diingler and Sanyal, 2025], we clip at a deterministic thresh-
old R chosen so that clipping is inactive with high probability. For the spiked covariance model,
we take R = Cv/A1 + oy/dlog(n/d), which ensures ||x;|| < R for all i with probability at
least 1 — 1, up to constants. The DP-Gauss privacy noise is then scaled to this clipping radius.
With this clipping, we adapt Algorithms 1 and 2 of Dwork et al. [2014], denoted DP-Gauss-1
and DP-Gauss-2. DP-Gauss-1 clips each sample, adds Gaussian noise to the empirical second-
moment matrix, and runs non-private PCA on the noisy matrix. DP-Gauss-2 privately estimates
the eigengap of the clipped covariance matrix, computes the non-private top-k eigenspace of the
clipped data, and perturbs the eigenvectors using noise calibrated to the private eigengap estimate.
We also adapt the noisy power method. Replacing one sample by a adds the rank-one perturbation
C = aa', for which />, [|C;..[|2 = |lall2/|al|1. Thus, to satisfy the adjacency condition of Flo-
rina Balcan et al. [2016], Nicolas et al. [2024], we clip so that ||a||2 < R (same R as for DP-Gauss)
and ||a]|; < R’, and scale the privacy noise accordingly. In the spiked covariance model, we use
R = od 4+ V\d + o+/dlog(n/1), so that ||a;||; < R’ with probability at least 1 — ¢, up to
constants. We call this baseline DP-Power-Method.

Experimental Results on Spiked Covariance Data In Figure 1a we vary the ambient dimension,
eigengap, and noise level while keeping the other parameters fixed. The plots show that ADADPO
consistently attains lower subspace error. In Figure 1b we vary the sample size across several
choices of k and d, showing that the advantage persists across different ranks and dimensions and
that ADADPO benefits from the predicted block k-dependence. Across all plots, the deterministic



Algorithm 3 Tangent Adaptive Private Ojas (TADADPO)

Input: samples S = {A;}!" ,, target rank k, batch size B, privacy parameters (¢,4), failure
probability ¢, learning rates {7, tLZ{BJ , and a private starting point Qo € R4**,

1: fort=1,...,T = |n/B] do

2: Setll; 1 =1-— Qtle;rfl

3: Project updates to tangent space Y; < II;_1A;Q¢—1 fori € [B(t — 1) + 1, Bt]

4; Estimate Range A; < PRIVRANGE({K}Z%}Q??!? ,€,0,C/(8T)).

5; Set Truncation Threshold r; = CrK \/A; log® (%)
6: Y, + TRUNCATEDMEAN <{Yi}iB:tB(t71)+B/2+1 7, Ay, (£/2,8/2), Q/(ST))

7: Set privacy noise multiplier o <— % v/2log(2.5/6)
8:  Draw Z; € R with i.i.d. entries N(0, 07)

9 Qr + QR (Qi—1 + mlLi1 (Vi + Z4))

10: end for

11: return Qr

bounded-data baselines are less competitive, reflecting the cost of clipping and calibrating noise to
worst-case bounds rather than to the stochastic fluctuations of the data. Additional experiments and
implementation details are provided in Section F.

4 Fine-tuning in tangent space for optimal spectral dependence

ADADPO has optimal dependence on d, k, n, and ¢ for general Gaussian inputs, because its privacy
noise adapts to the stochastic fluctuation of the projected update. In the Gaussian spiked covariance
model of Cai et al. [2024], however, the data have additional structure. Namely, A; = xlx;r with
2 ~N(0,%), and ¥ = UOU " + 021, where U € R%*¥ has orthonormal columns. Equivalently,
all directions outside the signal subspace have the same eigenvalue, Ay 11 = -+ = \g = o°.
This flat-tail structure permits a sharper dependence on the spectrum of ¥. The minimax lower

bound (Theorem 8) scales as VARt ( d—f =+ dk) , up to logarithmic factors. By contrast,

Ak_kkﬁ»l En

applying Theorem 2 directly to A; = x;z, yields

- py dk K\ dk
T T 1 1 -
O0+0 - V.V, <O| ———/— 75 .
H TT kEVi HF — <)\k — )\k 1 \/; )\k; )\k:+1 n)

Thus ADADPO has the correct dependence on the statistical and privacy parameters, but its spectral

factor is A1 /(A — Ak+1) rather than the sharper /A1 Ag+1/(Ax — Agt1) available in the flat-tail
Gaussian family.

The reason is geometric. Once an iterate () is already close to the target subspace, not every component
of the update A;Q contributes equally to improving the subspace estimate. The component lying
inside span(()) changes the coordinates of the basis ), but not the subspace it spans; the subspace
is changed by the orthogonal, or tangent, component. Writing Il := I — QQ T, this tangent
component is 11 A; Q. Accordingly, our second algorithm uses ADADPO only as a warm-up phase.
After obtaining a private estimate )y within constant subspace error of the true top-% eigenspace, it
runs a second-stage refinement on fresh samples using only the projected tangent updates

Vi =11 A4Qi—1, o1 =1-Qi1Q/_,.

This removes the component of the update that merely rotates the current basis and focuses the private
mean estimation on the residual correction that moves the subspace.

The benefit of the tangent update can be seen through the scale of the residual fluctuations. For
Q € Sq k. define

e(Q) =[|QQ" = ViV ||,



where Vj, V,: is the projector onto the target eigenspace. The centered tangent fluctuation is
Zo(A) :=Tg(A-X)Q.
We measure its variance by
v = mae {|[E [Zo(4) Zo(A) |, | [Za(A) Za(A)] [} m

This parameter controls concentration of the tangent minibatch mean. We also define the one-column
tangent scale

. @)

where q1, ..., qx are the columns of (). This is the scale used for private range estimation and
truncation. These quantities explain the improved spectral dependence. For Gaussian covariance data,
the fourth-moment identity implies that, in a local basin around V} VkT,

v S VA sk (E) + kdes1) + MVEe(Q),

90 S VM A1 + Aie(Q).

Thus, once @ is close to the target subspace, the tangent fluctuation scale is governed by the
interaction between signal directions and noise directions. In the flat-tail spiked covariance model,

trsx(X) = (d — k)Ak41, so the leading scales become vy ~ /dA\1 g1, and gg ~ \/m
Substituting these scales into the tangent refinement analysis gives the spectral factor

VA1 A1
Ak — Mt1

rather than A /(Mg — Ag+1). Intuitively, the full projected update A;@ still contains large fluctuations
internal to the signal subspace, while the tangent update removes those directions and retains only the
signal-noise interaction that actually moves the subspace.

94 = max ITQE [(A — £)g,q, (A~ %) "] Tg|

and

We now state the local model used to analyze this refinement phase. Unlike the global model for
ADADPO, this model only needs to hold after the warm-up phase has entered a constant-accuracy
neighborhood of the target subspace.

Assumption B (Tangent refinement model). There exist constants ¢y € (0,1), M > 0, vo,v1 >0,
go,91 > 0, K > 1, and a > 1/2 such that the following hold for every Q € Sgy satisfying

lRRT -V, < co-

B.1 |[lg(A; = X)Qll, < M,

B.2 vg < vy +v1e(Q),

B.3 go < g0 + g1€(Q)

B.4 For every column q,. of Q, every unit vector v | span(Q), and every ¥ € (0, 1),
Pr (!uT(Ai — E)qr| > Kgqlog®(1/9)) < 9.

Remark. Assumption B is a localized version of the global model used for ADADPO. The global
assumptions imply the boundedness and variance parts of this model with M| < M, vg = A\ \/V s
and v; = 0, but only give the crude tail scale ;. In structured settings, such as the flat-tail spiked
covariance model, the sharper gq-scale tail condition can be verified directly.

Theorem 3 (Utility of TADADPO). Suppose Ay, ..., A, satisfy Assumption A. Suppose further that,
together with the starting point Qq, they satisfy Assumption B, and that ||Q0Q0T A || F < Co /2
with probability at least 1 — (/8. Set

petom, 7= [orn(22)].
If

- K2d+ Kdk  k(v2 +0?) VEM,  K(go+ g1)dk
n Z Q | max ’ 27 ’ ’
€ (A = Me41)? (M = Mer1)” €Ak — A1)



then there exists a choice of learning rates {n;}1_, such that, with probability at least 1 — (,
Algorithm 3 outputs Qr satisfying

+ +
(M = Mer)V (A= Agp)n (A — Apgr)en

where Opt := exp(—c(/\;€ — Akt1) Zthl 77t> ||Q0Q0T - VkaTHF .

3 k kM Kgodk
1|QTQ;vkvg||F§optT+O< Vo VEM, % )

The leading statistical and privacy terms are governed by the tangent scales vy and go. Thus,
when these are smaller than their global counterparts, the refinement phase improves the spectral
dependence without changing the dependence on d, k,n, or €.

Corollary 3 (Gaussian spiked covariance, Algorithm 3). Given input matrices A; = x;x; where
x; ~N(0,X) and ¥ = VkAVk—r + 021y, when given a starting point Qo within a constant error of

Vi, Algorithm 3 returns Qr satisfying
VAR | [dk | Kdk| VEM |
Ak = A1) )

n EN

T T ~
HQTQT ViV HF < Optr +O<)\k — Akt1

o T are learning rates. When

where Optp 1= exp(fc()\k — Ak+1) 23:1 Ut) HQOQJ — VkaT’
the linear Bernstein term is lower order (ML < VA A1V dn) and K = O(1), this matches the

known flat-tail spiked-covariance lower-bound scaling up to logarithmic factors.

The experiment in Figure 2 illustrates the effect of the Algorithm
tangent refinement phase. We first run ADADPO to ob- 201 -®~ Adaptive Private Oja
tain a private constant-accuracy warm start, and then run f * Adaptive then Tangent
TADADPO on fresh samples. Once the warm startis 3

accurate enough, the tangent phase exploits the smaller I \
residual fluctuations and achieves lower error than con- "%

tinuing with ADADPO alone. For the general privacy = o, o
guarantee and the full proofs for TADADPO, see Sec- T
tion C.5. 0.0-

— e

10 10
sample size n

5 Related Work and Conclusion , , .
Figure 2: Comparison of ADADPO with

a two-stage variant that warm-starts with

Related Work. Private PCA has a long history in the . 5557 ' then runs TADADPO.

fixed-dataset setting [Blum et al., 2005, Chaudhuri et al.,

2013, Hardt and Roth, 2013, Dwork et al., 2014, Florina Balcan et al., 2016, Nicolas et al., 2024].
These methods provide input-wise privacy guarantees, but when applied directly to stochastic PCA
they typically rely on worst-case sensitivity bounds or clipping, leading to suboptimal stochastic
rates.

Adaptive private algorithms for stochastic PCA were introduced by Liu et al. [2022] for k = 1, using
privacy noise calibrated to stochastic fluctuations. The extension of this idea to k£ > 1 by Diingler
and Sanyal [2025] is deflation-based and therefore incurs extra dependence on k. In contrast, our
method treats the top-k subspace directly through block updates. Cai et al. [2024] obtain optimal
guarantees for Gaussian data under a flat-tail condition on the unknown covariance >. In contrast our
privacy guarantee instead holds input-wise for every dataset.

Dimension-independent sample complexity bounds have also been obtained under strong multi-
plicative eigengap assumptions [Singhal and Steinke, 2021, Tsfadia, 2024]. Recent work on private
spectral perturbation and low-rank approximation [Tran et al., 2025] analyzes a fixed noisy matrix,
whereas our algorithm releases only adaptive projected block actions. Other results study coherent
matrix models [d’Orsi and Novikov, 2026], or decentralized privacy models [Campbell et al., 2025,
Nicolas et al., 2024]. However, they use different adjacency notions which when transformed to our
more general adjacency notion yield suboptimal error-guarantees. A more detailed comparison with
these results is provided in Section B.

Open Problems and Conclusion. Several directions remain open. Since ADADPO is not deflation-
based and updates the full d x k iterate directly, it is naturally suited to streaming implementations.

10



An interesting next step is to develop a fully online version with adaptive privacy calibration and
comparable utility guarantees. A second direction is to weaken the tail assumptions behind the
private range estimator. Our current analysis relies on concentration of the projected fluctuations, and
extending the range-estimation and truncation steps to heavy-tailed data would substantially broaden
the applicability of the method.

To the best of our knowledge, our results give the first differentially private algorithm for stochastic
k-PCA that is sample-complexity optimal in both d and % as well as spectral parameters in some
settings, while calibrating its privacy noise to the inherent stochasticity of the data.
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A Math Preliminaries

Lemma 3 (Variational characterization of the Schatten-(2, k) norm). Let B € R%*%, and let
Sak :={P Rk . PTP =11}

Then
1/2

k
sup |[PTBllr =Bl = | Y_oi(B)? ;
=1

PeSg

where o1(B) > -+ > 04(B) > 0 are the singular values of B.

Proof. Forany P € Sy,
|PTB||%2 =Tr(B"PP"B) =Tr(P"BB'P).

Since P P = I, the matrix PP is the orthogonal projector onto a k-dimensional subspace of R¢,
Hence

|PTB||% =Tr(P"BB'P)

is the sum of the Rayleigh quotients of BB over an orthonormal k-frame. By Ky Fan’s maximum
principle,
k
SUppes, Tr(PTBBTP) =Y "\;(BBT),

=1
where A\;(BBT) > --- > \y(BBT) > 0 are the eigenvalues of BB . Since
X(BBT) =0;(B)?,

it follows that
k

sup |PTB|E =3 0;(B)
Pesd,k j:1
Taking square roots yields the claim. O
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Lemma 4 (Minibatch concentration in top-k Frobenius norm). Let X; := A; — X, and suppose
Assumption A holds. Let I, C [n] be disjoint batches of size m, and define

_ 1
X, ::ngi.

Then there exists a universal constant C > 0 such that, with probability at least 1 — (, simultaneously
forallt € [T,

Xl < CVE (xl Viog2dT[C) | Mlog<2dT/<>> |

m m

simultaneously for all t € [T, up to changing the universal constant C.

Proof. Let X; = A; — X. Then X; are independent, symmetric, and mean-zero.

First, by Assumption A.2,

[ Xillop < [ Xill@wy = sup [PTXillr <M as.
PeSq k

Hence each summand is almost surely bounded in operator norm by M.
By the Liu-style variance assumption Assumption A.3,

B2, < 2V,

Now fix a batch I; of size m. Matrix Bernstein applied to
>
=

with almost-sure bound M and variance proxy

> E[X7]

i€l

<mAV

op

implies that, with probability at least 1 — «,

Iy x| <o (Al Vig(2dja) Mlog(Qd/a)) |

. m
i€l

op

Set « = (/T and union bound over ¢ € [T]. Then, with probability at least 1 — ¢, the above
operator-norm bound holds simultaneously for every batch.

Finally, for every matrix B,

1/2

k
1Bllew = [ D os(B)? | < VEk|Bllop.
j=1

Applying this inequality to B = X gives

IXell ) < CVE ()\1 Vlog(2dT/C) MlOg(QdT/C)>

m m

simultaneously for all ¢ € [T, as claimed. O

Definition 4 ((-approximate Utility). We say U € R?** is (-approximate if U has orthonormal
columns and

vty > 1 -y ).

13



Lemma 5. If (UUT, %) > (1 — ¢2)(ViV,], £) then

2578 N
HUUT—VkaTHFSC 2277:1
Ak — A1

P:=UUT, P, =V, .

Since P, projects onto the top-k eigenspace of X, we have

Proof. Let

k

(P, 3) =) A

i=1

The assumption implies

k
<P*a2> - <P72> < <2<P*32> = 422/\1
=1

We next lower bound the same quantity in terms of the distance between projectors. Let vy, . ..

be an orthonormal eigenbasis of X, ordered so that

d
Y= E )\7;1)7;’[};'—.
i=1

Define
a; = viT Pu;.

Because P is a rank-k orthogonal projector, 0 < a; < 1 and

d
Zai = tr(P) = k.
i=1

Therefore,
k d
(PX) = (PE) =) N(l—a)— > Na;
i=1 i=k+1
k d
> Ak Z(l —ai) — Aps1 Z a;
=1 i=k-+1
Since
k k d
Z(l—ab) —k—Zai = Z a;,
i=1 i=1 i=k+1
we get
k
(P.,5) — (P5) 2 (A — Ast) (k - Z) .
i=1

Moreover,

k

Z a; = tr(P, P),

i=1
SO

k
k= ai=k—te(P.P).

i=1
Using the fact that P and P, are rank-k orthogonal projectors,

IP — P,|% = tr(P) + tr(P,) — 2te(PP,) = 2 (k — tr(PP,)).
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Hence 3 N
k— Ak+1
(P, Z) = (P,X) > #”P—P*“?«“

Combining this with the upper bound from the assumption gives

Ak — g b
- +1 2 2
——IP= Pz << >

i=1
Therefore,

250 | N

P—PJ>% < Pie==l 0

1P =Pl < @52t

Taking square roots and substituting back P = UU " and P, = V;,V,| yields

[25°F N
||UUT _ VkV]gTHF S C Zl:l .
Ak — A1
O

Lemma 6 (High-probability bound for GOE). Let G ~ GOEy(0?). Then for every 1 < k < d and
everyt > 0,

t2
Pr( sup |[P*Glla < VE (20Vd+1) >1_2exp(_2),
PESd,yk 40'

Equivalently, for every 6 € (0,1),

2
Pr( sup [|[P*Gl2 < 20m+2a‘/klog<>> >1-4.
PeSd,k 6

5 1/2
sup [|[P*Gllz = (Zai(G)2> ;

PESd,k i=1
the same bound may be written as

k 1/2
2
Pr (Z ai(G)Q) < 20Vkd+ 204 /klog((S) >1-4.
i=1

Proof. By the variational characterization,

k 1/2
Psup |1P*Gll2 = (Zai(G)2> .

ESd,k i=1

Since

Hence
sup ||P*Gllz < Vk01(G) = VE | Glop.

PEeSq i
For G ~ GOE4(c?), the spectral norm satisfies

t2
Pr(||G||0p > 20Vd + t) < 2exp( > . t>0.

402

Therefore,
t2
Pr sup ||P*G|2 > \/E(ZUJZH%) < 2exp<—2) ,
PcSq k 4o

which proves the first claim. Setting
2
t=204/log| =
o og( 6)

yields the second claim. O

Lemma 7 (Lemma H.1. in Huang et al. [2021]). For any deterministic matrices A, B and any
standard Gaussian matrix Z of suitable sizes, it holds that

P{|AZB|> > [ All2]| Bll2(1 + 1)} < /2.
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B Comparisons to Prior Work
We provide additional details on the comparisons summarized in the related-work section (Section 5).

Comparison to deterministic bounded-input methods. Several works address k-PCA in the
standard setting, while assuming an additive eigengap [Blum et al., 2005, Chaudhuri et al., 2013,
Hardt and Roth, 2013, Dwork et al., 2014, Nicolas et al., 2024]. These works operate in a deterministic
setting where each sample is assumed to be bounded (||x;|| < ). When applied to the stochastic
setting, these works generally yield suboptimal error rates. This is partially due to the fact that
all of these works assume a data independent bound (5 = 1), which we cannot easily enforce
in the stochastic setting. Considering Gaussian data with z; ~ N(0,X), we know ||z;|| < 8 =
O(y/A1dlog(n/¢) for all ¢ with probability 1 — ¢. [Blum et al., 2005, Dwork et al., 2014, Nicolas
et al., 2024] use the Gaussian mechanism, so when scaling the privacy noise with a factor 3 we ensure
(e, 6)-DP in the stochastic setting. The tightest of the previous discussed result then achieves

O (Vk/n+ d*2k/(=n))

Comparison to Diingler and Sanyal [2025]. Under assumptions comparable to Assumption A,
and for inputs of the form A; = z;x] with z; ~ A/(0,X), the main result of Diingler and Sanyal
[2025] implies that, with high probability, the output subspace U is (-approximate in the sense that

UUT, %) > (1=, D),

(=6 (K/ <ﬁ+ dk,/1§5(1/5)>> .

Here O(-) suppresses polylogarithmic factors in n, d, 1/¢, and log(1/8). By Lemma 5, this energy
guarantee implies the Frobenius-norm bound

25 % N\
00T = ViVl < ¢y 2=t
Ak — Ak+1

Comparing this rate with the lower bound in Section D shows that the guarantee of Diingler and Sanyal
[2025] is loose by a factor v/k in Frobenius norm. The same loss appears when their energy-based
utility is compared to the corresponding lower bound. In addition, the error scaling in their main
theorem holds only under a sample-size condition containing an exponential eigengap-dependent
term. Our result removes this condition and attains the optimal dependence on k.

where

A further difference is algorithmic. The method of Diingler and Sanyal [2025] recovers the leading
eigenspace one direction at a time, requiring stage-wise choices of parameters. Our method instead
updates the entire k-dimensional subspace simultaneously. This avoids retuning across stages.

Comparison to fixed-matrix perturbation analyses. The results of Tran et al. [2025] give refined
perturbation bounds for private low-rank approximation by analyzing a fixed noisy matrix

M=M+E

and controlling the error between the best rank-p approximations of M and M. These results are not
directly applicable to our algorithm because we do not release a noisy full covariance matrix. Instead,
at step ¢, our method releases only the projected block action

1 n
- Z AiQt—1+ Zt,
i=1
where ();_1 depends on previous private iterates. The privacy noise is therefore calibrated to the
range of the projected matrices A;(Q);_1, rather than to a global d x d perturbation of the covariance
matrix. This distinction is essential: the projected stochastic fluctuations can be substantially smaller
than the worst-case full-matrix sensitivity.
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Comparison to coherent matrix models. The work of d’Orsi and Novikov [2026] studies DP-PCA
under matrix coherence assumptions in a non-stochastic setting where the input is a single matrix.
Their bounds are stated for

I = UUT)Villz,

which is related to the Frobenius subspace error by
ViV —UU | < V2K ||(I —UU V|2

To apply their result to the empirical covariance

. 1 X
E:N;xix?,

one must translate their matrix-level adjacency notion into sample-level privacy. In their notation,
two matrices M, M’ are A ai-adjacent if, for E = M — M’

\/ ||EET||1 S Amat-

Suppose the Gaussian samples are clipped so that ||2;]|3 < Rfl. Replacing one sample = by another
sample y changes the empirical covariance by

1
E= (e’ —yy").

Hence

1 2v/d R?
_ T _ T\2 n
Apat < N\/Il(m yy' )2 < N

Plugging this into their rank-£ private eigenspace bound, and using the worst-case coherence bound

~

kur(X) < d, gives a privacy error of order

6( iy d ) D= (D)~ A (),

Nevg
For  ~ A (0, ), Gaussian quadratic-form concentration gives

R} S t0(2) + /A (Z) tr(E) log(N/n) + A (2) log(N/n) = O(tr(%)).
Combining this privacy term with the usual non-private Davis—Kahan statistical error yields the

population subspace bound
~ M) fdo we(E)d
I—P)YVll2 <io —+ —.
I = PYVllz Sios =2 =) 57+ s

The privacy term arises from a worst-case matrix-adjacency conversion. It therefore does not adapt to
the stochastic spread of the projected gradients, which is the source of the sharper dependence in our
adaptive mechanism.

Decentralized and alternative adjacency models. There are also private PCA algorithms for
decentralized settings [Campbell et al., 2025, Nicolas et al., 2024]. These works use privacy and
partition models different from the sample-level stochastic setting considered here. For example,
Campbell et al. [2025] use a power-method-based approach under a neighboring relation based on
changing one row of the data matrix, with || X — X’|| < 1. This does not directly correspond to
our model, where each sample contributes a matrix A; = z;x; . In particular, changing one sample
changes one rank-one matrix contribution to the empirical covariance, rather than a single bounded
row in the data matrix under their adjacency model.

Similarly, the original noisy power method was analyzed for matrix inputs under single-entry changes
of magnitude at most one. Later analyses [Florina Balcan et al., 2016, Nicolas et al., 2024] extended
the privacy guarantee to perturbations of the form A’ = A + C satisfying

[ NCIE < 1

These matrix-adjacency guarantees are useful in fixed-dataset PCA, but they do not directly yield the
stochastic, sample-level rates considered in this paper.
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C Proofs

C.1 Privacy of Algorithm 1

Theorem 4 (Privacy of Algorithm 1). If0 < e < 1, then Algorithm 1 is (g, 0)-DP under replacement
neighboring datasets.

Proof. At update step ¢, the matrices A; are accessed only through

tB

1 .
pe= Y cipg(4iQu).

i=B(t—1)+1

Although @;_; is data-dependent, it is determined entirely by the outputs of the previous update
steps. Hence, conditional on all previous outputs, ();_1 is fixed, and we may analyze the privacy of
the ¢-th update step with QQ;_; treated as a constant.

If one matrix A; in the ¢-th batch is replaced by A’, producing i}, then

2R

5

Therefore, by Lemma 9, the ¢-th update step is (&, §)-DP, even conditional on the previous outputs.

Since the algorithm is one-pass and each datum A; is used in exactly one batch, the overall algorithm
is (&, 9)-DP by parallel composition. O

1 . .
e — pillr = B l[elipg(AiQi—1) — clipp(A;Qu—1)||p <

Lemma 8 (Privacy of the symmetry-preserving Gaussian mechanism). Fix R > 0 and Q € R4*¥

with QT Q = I, and define
fq(A) := clipp(AQ).

Consider the mechanism
M(A, Q) = fo(A) + W,
where
Wo:=QN+N;, N.=(I-QQ"z,

with N ~ GOEy(02/2) and Z € R¥* having i.i.d entries in N'(0,02). Then M (-, Q) is (s, 6)-
differentially private whenever

A
o> TQ\/210g(1-25/5)7 Aq = s [lfo(4) = fo(A)p-

Proof. We proceed in three steps.

First, note that for every A,
fo(A) = clipp(AQ) € Sq.
Indeed, AQ) € Sg because
QT(AQ) =QT4Q
is symmetric when A = AT, and clipping only rescales the matrix by a nonnegative scalar, so it
remains in the same linear subspace.

Second, we verify that W is an isotropic Gaussian on Sg. Write any element of Sg uniquely as
M=QS+C, S=S8T, Q'c=o.
The noise has exactly this form:

Wo = QNeym + N, Negm = N, Q'N, =0.

sym?

By construction, Ngyn, is the Frobenius-isotropic Gaussian on the space of symmetric & X k matrices,
and N, = (I — QQT)Z is the Frobenius-isotropic Gaussian on the subspace {C' : QTC = 0}.
Since these two parts are independent and orthogonal in Frobenius inner product, W, is a centered
Gaussian with covariance 021, S, on the subspace Sg,.
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Third, the mechanism is exactly the Gaussian mechanism applied to the query fq, but inside the
Hilbert space (Sq, (-, -) #). For neighboring A ~ A’, the sensitivity is

Ag = sup [[fo(A) — fo(A)l|F.
A~A!
Therefore the standard Gaussian mechanism theorem implies that M (-, Q) is (e, §)-DP whenever

o> %\/ﬂog(l.%/é).

Finally, because clipping enforces
lfo(A)|lr <R forall A,
we have for neighbors A ~ A’,

1fo(A) = fo(A)|F < fo(DllF + |l fo(A)]F < 2R.
Hence Ag < 2R, and the sufficient condition

2
o> ?R\/Qlog(l.%/é)

follows. O

This immediately implies the privacy of the update step in Algorithm 1, as we simply add this amount
of noise plus more independent noise on top

Lemma 9 (Privacy of Single Update step of Algorithm 1). Fix R > 0and Q € R¥>* withQTQ = I,
and define

B
1 .
fo(Ar,.... Ap) = & > clip(4:Q),
i=1
where Ay, ..., Ap are symmetric. Consider the mechanism

M(Ah7ABaQ):fQ(A1a7AB)+WQ7

where
WQ = QN+NL7 NL:(IiQQT)Zv
with N ~ GOEy(0?) and Z € RY* having i.i.d. entries in N'(0,02). Then M(-;Q) is (,6)-
differentially private whenever
A
o> TQ\/Zlog(1.25/5), Ag = sup I fa(AL, ..., Ag)—fa(Al, ..., A%)| .

(A1, AB)~ (AL, Al)

In particular, if neighboring batches differ in one entry, then

2R
< 2
Ag < 5

so it suffices to choose

2R
> — . .
o> BE\/Qlog(l 25/0)

Proof. First, each clipp(A;Q) lies in
Sg = {M e R¥”* . Q" M is symmetric}.

Indeed, 4;Q € Sg because Q " A;Q is symmetric whenever A; = A, and clipping only rescales by
a nonnegative scalar. Hence the average fo (A1, ..., Ap) also lies in S¢.

Next, since N ~ GOE}(c?), we may write

NEZN + N,
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where Ny, N, are independent draws from GOEy (0% /2). Therefore

Wo =QN +N. £ QN, + Ni + QN
Define
WS = QN+ N, W = QN
Then
M(A1,... A Q) 2 fo(Ar,... . Ap) + WY + WS,

We now verify that Wg) is an isotropic Gaussian on Sg. Every element of Sg can be written
uniquely as
M=QS+C, S=5", Q'C=o.

The two components QS and C are orthogonal in Frobenius inner product. The noise Wg) has
exactly this form:

W =QNi+ N, Ni=N[,  QTN.=0.

By construction, [V; is the Frobenius-isotropic Gaussian on the space of symmetric k& x k matrices,
and N; = (I — QQT)Z is the Frobenius-isotropic Gaussian on the subspace {C' : QTC = 0}.

Since these two parts are independent and orthogonal, Wg) is a centered Gaussian with covariance
O'QISQ on SQ.

Therefore fq + Wg) is the Gaussian mechanism in the Hilbert space (Sg, (-, -)r), and it is (¢, 6)-DP

whenever A
o> ?Q\/Qlog(l.%/é).
2)

Since ch is independent of the input data, adding it is post-processing. Hence M (-; Q) is also
(e, 6)-DP under the same condition.

If neighboring batches differ only in the j-th entry, then

fo(Ar,..., Ap) = fo(Al,..., Ay) = %(clipR(AjQ) ~ clipR(45Q)),

and so
/ / 1 . . / 2R
oA, Ap) = oA, AR |r < (Il clipa(4,Q)r + | lipa(4Q)|r ) < =
Thus Ag < 2R/ B, which yields the claim. O

C.2 Utility of Algorithm 1

Theorem 1 (Utility of Algorithm 1). Assume Ay, ..., A, satisfy Assumption A. Set
R = CA\Vdk(K~vlog®(ndk/¢) + 1), B =n/logn, T =|n/B].
Using appropriate learning rates, if
{ k2\2V kM A (K + 1)k3/2d}
n 2 maxq - 5 ,
Gl = Ake1)? CA = A1) eC(Ak — Argr)
then with probability at least 1 — (, Algorithm 1 outputs Qr satisfying
MVEV n A (K + 1)kd
Mo = A)vn ek — M) |

lQrQ} — ViV [, <0 (

Proof. LetT = |n/B|.Lemma 10 implies that for our choice of R with probability 1—¢, Algorithm 1
does not have any clipping. Therefore the update step becomes

tB

1
Q= Q-1+ m 5 > AQia+QiaNgyme+ (I - QaQl )N
i=B-(t—1)+1
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By Lemma 1 in distribution this is equal to

tB

1
Q= Qi1 +m 5 > AQia+GiQi
i=B-(t—1)+1
1 tB
=Qe1tne | 5 > Ai+G| Qi
i=B-(t—1)+1

where G is independently sampled from G; ~ GOEy(0?).

Let
tB

C,=— Z A; + Gy.
i=B-(t—1)+1

We will show C} satisfies the necessary assumptions of Theorem 9. We see straight away that

1 tB
E[Cy] =E 5 Y Al =%
i=B-(t—1)+1
as every entry of G is a centered Gaussian.

Next we show the upper bound on

IC: =Sl = sup [|[PT(C, = %) p-
PeSq

By the triangle inequality,

tB

1
1C: = Zll2,0) < Z (A —X) +1Gll 2,1)-

B
i=B-(t—1)+1 (2,k)

By Lemma 4, with probability at least 1 — ¢, simultaneously for all ¢ € [T,

T V log(2dT/<) Mlog(sz/g))
— (A; — %) <CVk ()\ + =: Ep.
B i_B.(tz—l)H 1 B B

(Q’k)

We know by Lemma 6 that with probability 1 — (,

1Gell2,k) < Cov/E(d + log(T/C))

for all ¢ € [T]. Since
2R+/21n(1.25/5)

g = 5

Be
and
R= C)q\/ﬁ(leoga(ndk/C) +1),
we have
(Gl gy < oIV H DR ILLBTION 1o e )/ Tog(170) = N
Set

M = Eg + Npg.
Then, on the above high-probability event,
[Cy = B2,y < M forallt e [T7].
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We apply Theorem 9 to the sequence C1,...,Cr with M replaced by M’. For every § € (0,1)
define learning rates
~ kM/2 ~ M/2
5202 A2

e 1

S} (Ak’ﬂo) t S no,
Mt =9 f
© (Ak(ﬁ-‘rt—no)) t> no.

Then for V € R?** the orthogonal matrix whose columns are the k leading eigenvectors of ¥, the

algorithm satisfies
) M’ [log(M'k/AS)
dist <0y | ——— It
1s(QT,V)_C’AkH T g

with probability at least 1 — §.

and

Taking ¢ to be a constant multiple of ¢, using T > 2n, and absorbing logarithmic factors into O()
~ M’
dist(Qr,V) <O () .
T
Substituting M’ = Eg + Np, we get

. = Ep Np
dist(Qr,V) <O <Ak\/T + Am/T) .

Since T' = n/ B, the minibatch term satisfies

while, using B = n/logn,

Nz _ 5 (MK + Dkd
n en '

Therefore,

O

dist(Qr,V) <

MVEV N VEM N A (K +1)kd
ANRV) Apn eAgn '

Since Ag, = A\ — A1, thisis

- (MVEV  VEM A (Ky+1)kd
QTQ;VkaTHFgO( 1 " L MEY+D )

A/ Agn eAgpn

Finally, the stated lower bound on n is exactly the condition T > kM'? /({?A%), after substituting
B = n/logn and suppressing logarithmic factors. O

Lemma 10 (No clipping with high probability). Consider Algorithm 1 under Assumption A, and
choose

R+ C\iVdk (Kvlog®(ndk/C) + 1)

for a sufficiently large universal constant C' > (0. Then, with probability at least 1 — (, no clipping
occurs throughout the algorithm, i.e.

|A:Qi—1llFr <R forallte [T), i€ {B(t—1)+1,...,tB}.
Equivalently, on this event,

clipr(AiQi—1) = AiQi—1  forall suchi,t.
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Proof. Fixt € [T|andi € {B(t — 1)+ 1,...,tB}. Since the algorithm is one-pass, Q;—1 depends
only on the matrices Ay, ..., Ap(_1), and is therefore independent of A;. Hence, conditional on the
past, Q;_1 is fixed.

Write the columns of Q;_; as qitil), . 7q,(:*l). For any r € [d] and s € [k], Assumption A.4

applied with P = I, u = e,, and v = ¢{' " yields

_ 1/(2a)
T(A — ¥ (t=1)2
E |exp (67,( ‘ Jas | Qi—1| <1.

K2A3y?

By a standard sub-Weibull tail bound, this implies that for a sufficiently large universal constant
C >0,
e (Ai = 2)g{' ™| < OAKylog” (ndk /¢)

simultaneously for all ¢ € [n], 7 € [d], and s € [k] with probability at least 1 — ¢, by a union bound
over the ndk such quantities.

On this event,

le) (A; — 2)¢ Y| < C\Vdk Krylog® (ndk /).

|(Ai = X)Qi-1]lF < Vdk  max
reld], selk]
Moreover,
12Qi—1llF < II22|Qi—1llF = MVE < M\ Vdk.
Therefore,

[4:Qillr < 12Qi1llr + [(Ai = £)Qi1]|p < CAVdk (Kvylog® (ndk/¢) +1).

By the choice of R, it follows that
|A:;Qi—1llF < R

forallt € [T)and all i € {B(t — 1) + 1,...,tB}. Thus no clipping occurs throughout the
algorithm. O

Lemma 1. Fix Q € R with QT Q = I. Let Z € RY™F have i.i.d. N(0,02) entries, let
Nsym ~ GOEy(c?), and let G ~ GOE4(c?). Then

QNom + (T -QQT)Z £ GQ.

Proof of Lemma 1. Let U = [Q, Q1] € O(d). Since Z has i.i.d. N'(0,0?) entries and @, has
orthonormal columns, Q| Z has i.i.d. N'(0, 02) entries and is independent of Nyyy,.

Now
0T Qo+ (1= P)2) = (313
On the other hand, by orthogonal invariance of GOE,
UTGU ~ GOEy4(c?).
Writing

T _ (4, BT
o (5 7).

we have
Ay ~ GOE(c?), B has i.i.d. N'(0,0?) entries,

and Ay, B are independent. Therefore
Ao\ d (Nsym
UTGQ - (BO> - (QIyZ) - UT(QNsym + (I - P)Z)~

Multiplying by U proves the claim. O
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C.3 Privacy of Algorithm 2
Lemma 2 (Privacy of Algorithm 2). If0 < € < 1 then Algorithm 2 is (¢, 6)-DP.

Proof. Fix an iteration ¢, and condition on all previous outputs. Then Q = Q1 is fixed. The
range is estimated PRIVRANGE, which is (g, §)-DP by Theorem 5, and uses samples disjoint from
TRUNCATEDMEAN and therefore parallel DP composition applies.

Now consider TRUNCATEDMEAN: Let C' = (g;r) be the coordinatewise center computed by
TRUNCATEDMEAN. The dk coordinate histograms each use privacy budget (¢/(2dk), 6 /(2dk)), so
by basic composition C'is (¢/2, §/2)-DP.

For any fixed value of C, let éz(C) be A;Q after coordinatewise truncation to [C, — Ry, Cjr + Ry).
Since each coordinate of both truncated summands lies in an interval of length 2R,

1G:(C) = G(O) || < 2RV dk.

and therefore for neighboring mean batches S, S/, coordinatewise truncation gives

1 o= ~ 1 - ~, 2R,V dk
”EZGi(O) “m ZGi(C)” <=
=1 =1

m

The algorithm then applies a projection Ps,, to the output of TRUNCATEDMEAN. Define

1 o= ~
he(S) =P —» Gi(O)].
c(8) = Ps, (m ; ( ))
Then h(S) € Sg so by Lemma 9 adding the noise matrix

-
Wgo =QNgym+ (I —QQ")Z.

calibrated to two the sensitivity of ¢ (S) is private. Since Ps, is a projection and therefore cannot

increase the norm the sensitivity is

2R\ dk

[hc(S) —he(S)|F < -

For batch size m = B/2, and privacy parameters (¢/2,/2) this gives

o > wéi‘ﬁ\/mog(zwé).

which is exactly the calibration in Algorithm 2.
By adaptive composition,
(C.he(S) +Wo)
is (e, 6)-DP. Since the algorithm releases only h¢(S) + Wy, discarding C'is post-processing. By the
budget choice in Algorithm 2, the mean-half mechanism is therefore (¢, §)-DP.

Finally, the PRIVRANGE and TRUNCATEDMEAN act on a disjoint set of inputs, so by parallel
composition the whole update is (¢, §)-DP. Since the algorithm is one-pass and the update batches
are disjoint across t, the final output is also (e, ¢)-DP. O

C4 Utility of Algorithm 2

Theorem 2 (Utility of Algorithm 2). Given matrices A1, ..., A, fulfilling Assumption A and setting
the batch size to

B=n/log(n), T =|n/B,
then for

{ k2\2V kM MK~ E32d  dk sz}

n 2 max 2 PRI ) s T )

Gk = Me1)?” €Ak — A1) eC(Ae — A1) €7 €

there exist learning rates {n,} so that with probability at least 1 —  Algorithm 2 outputs Q1 with

AVEV VEM L MKdky )

T T A
A% <0 +
1QrQr = ViVl < ((/\k —Mer)vVn (A = Aer)n e — App1)n
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Proof. LetT = |n/B] and let
I, :={B(t—1)+B/2+1,...,tB}.

Lemma 11 together with Theorem 5 imply that, under the stated sample-size conditions and after a
union bound over ¢ € [T, with probability 1—¢ Algorithm 5 does not clip. Hence TRUNCATEDMEAN
returns

1
7ZAiQt717 m:B/2
m

i€l
Since each A; is symmetric, A;Q:—1 € Sg,_,. Therefore the raw mean is also in Sp, _,, and

Psa, , (72 > AiQtl) = % > AiQia.

i€l icly
Therefore the update step becomes

tB

2
Q= Qi1+ B Z AiQi—1 4+ Qi1 Neym + (I — Qt—thT—1)Zt

i=B-(t—1)+B/2+1
By Lemma 1 in distribution this is equal to

tB

2
Qi =Qi—1+m B Z AiQr—1 + GiQr—1

i=B-(t—1)+B/2+1

tB

2
= Q-1+ B Z Ai + G | Q-1

i=B-(t—1)+B/2+1
where G, is independently sampled from GOE,(o?).

Let F;_; denote the sigma-field generated by all randomness used before iteration ¢, and let R
denote the randomness in the range-estimation half of the ¢-th batch. On the no-clipping event,
Lemma 1 lets us write the private update in the form

tB
2
Qi = QR(Qt—1 +m:CiQs—1),  Cp = 5 > Ai + G,
i=B(t—1)+B/2+1
where G; ~ GOEy4(0?), and oy is o(F;_1, R¢)-measurable.

We will show C satisfies the necessary assumptions of Theorem 15 conditoned on a high probability
event. The samples in the mean half of the batch are disjoint from the range half, hence independent
of (Fi—1, R4, 01). Therefore

tB
2
E[C| Fit, Ri] =E| > Ai| +E[Gy | Fior, R = 2.
i=B(t—1)+B/2+1
Moreover, conditional on (F;—1, R:), the matrix C is symmetric and uses fresh randomness inde-
pendent of the current iterate Q;_.
Next we show the upper bound on
IC: = Zll2py = sup [[PT(Cy = )| -
PESq
By the triangle inequality,

tB

2
1C: = Ell2,1) < 5 Z (Ai = %) + |Gl 2,r)-

i=B-(t—1)+B/2+1 @.k)
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By Lemma 4, with probability at least 1 — ¢, simultaneously for all ¢ € [T,

2 B Viog(2dT/C)  Mlog(2dT/¢
B Z (A; - %) <C\/E<)\1 (B /)+ (B /9) =: Ep.
i=B-(t—1)+B/2+1

(2,k)

Moreover, by Theorem 35,
At S CV)\%’)/2
simultaneously for all ¢ € [T]. Hence
Ry = 3K\/ Ay log®(Bdk/¢) < CKMvlog®(BdkT /() =: R,.

Since the Gaussian noise variance in iteration ¢ is calibrated using R,

8R.+/2dk10g(2.5/9)
< =0
- eB

Ot

By Lemma 6 and a union bound over ¢ € [T, with probability at least 1 — ¢,

Gl 2,6) < Cox/k(d +10g(T/())

for all ¢ € [T]. Therefore,

(Gl < 2TV ATEIEIO o agr ) iog(1/3) = N

Set M’ := Ep + Np, and let £ be the intersection of the range-estimation, no-clipping, minibatch-
concentration, and Gaussian-noise events above. On &,

||Ct_ZH(2,k) SM’ forallt € [T]

Thus, on £, ADADPO coincides with Oja’s method run on the symmetric effective matrices
Ci,...,Cp. Since the range half is disjoint from the mean half, the adaptive choice of o is
measurable with respect to (F;—_1, R¢), while the mean-half samples and the GOE base noise at time
t are fresh. Hence the sequence satisfies the hypotheses of Theorem 15 in the usual conditional form:
each update matrix is symmetric, has conditional expectation X, and obeys the uniform bound M’ on
E. Applying Theorem 15 and reducing the final success probability by P(£¢), gives the following.

For every ¢ € (0, 1) define learning rates
B kM/2 _ MI2
coo(3). vea()
6202 A?

é(A;m))a tSnOa
N =9 ~ 1
6(7Ak(ﬁ+t7no))’ t > ng.

Then for V € R?** the orthogonal matrix whose columns are the & leading eigenvectors of ¥, the

algorithm satisfies
. M’ [log(M'k/AS)
dist <Oy | It
1s(QT,V)_C’AkU T g

with probability at least 1 — 4.

and

Taking § to be a constant multiple of ¢, using 1" > 2ny, and absorbing logarithmic factors into 0(),

. ~( M
dist(Qr,V) <O <Ak\/T) .

Substituting M’ = Eg + Np gives

. = Ep Np
dist(Qr,V) <O (Ak\/f + Ak\/T) .
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Since T' = n/ B, the minibatch term satisfies
E ~ kM
=B _0 A1 / \f
VT n n

:@(Mﬁkd)
T En

MVEV N fM Aleykd
Ap/1 eAgn |

while, using B = n/logn,

=2
>y}

Therefore,

dist(Qr,V) < O (

Since A, = A\, — A1, thisis

~ (A \/kV \FM MK~ kd
T_ T 1 1 .

If M 2> A\1VkV, then the first two statistical terms are bounded by

*(aoa)

which gives the simplified display. O

Lemma 11 (No clipping for matrix-valued truncated mean). Fix an iteration t, and let Q = Q;—1 €
Rk have orthonormal columns qi, . . ., q, where Q is measurable with respect to the previous
batches and hence independent of the current mean batch {A;} . Let

G; = A;Q e Rk, i=1,...,m.

Assume the matrices A; satisfy Assumption A and assume that A returned by PRIVRANGE (Algo-
rithm 4 satisfies

A > max\?|Hg, 2.
relk]
Let TRUNCATEDMEAN (Algorithm 5) be run with

R= 3K\/Xloga(mdk‘/C) and privacy parameters (¢, 0¢).
If the number of samples m passed to TRUNCATEDMEAN satisfies
dk
m > cf log (- )
Coc

for a sufficiently large universal constant C > 0, then with probability at least 1 — (, for every
i€ m] jeld],andr € [k],

(Gi)jr € [gjr - R, gjr + R]

Proof. Fix a column r € [k]. Since ¢, is a unit vector and is independent of the current mean batch,
the vector-valued gradients

gz(r) = Aiqr S Rd

satisfy the same one-vector assumptions as in the paper with v = ¢,.. In particular, if we write
put) = E[g{"] = Bgy,

e

then for every coordinate j € [d], the scalar random variable (g, (r ))
Weibull tail bound, namely

Pr(l(0"); — n) > K/ THa T log (mdk/)) < oo

obeys the same sub-
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Since R
Al Hg |2 < A,

we obtain

Pr(l(9™); = 1| > K VR log"(mdk/C)) < ﬁ

A union bound over all triples (i, j,7) € [m] x [d] x [k] gives that with probability at least 1 — /4,
(0"); = 171 < KVRlog" (mdk/C) Vi€ [m], j € [d), re k] &)

Next fix (j, ). Consider the histogram used by TRUNCATEDMEAN on the samples {(G}),;, }/%, =

{(sz)j ™ ., with bin width \/X This coordinate histogram is run with privacy budget

(ec/(dk),dc/(dk)). Let I,, denote the bin containing uf). Because the interval
[uy) -, uy) + T}, T = 21/4](\/Xloga(25)7

is contained in the union of at most three adjacent bins, the population mass of the three bins
I,_1UI,UI, is atleast 0.96. Hence at least one of these three bins has population mass at least
0.32, while any bin outside this set has population mass at most 0.04.

By uniform concentration of empirical bin frequencies and the accuracy guarantee of the private
histogram learner, for the stated lower bound on m, with probability at least 1 — (/4 the released
histogram differs from the population histogram by at most 0.01 uniformly over all coordinates (j, )
and all bins. On this event, a good bin among [,,_1, I;, I;11 still has released mass at least 0.31,
whereas every bad bin has released mass at most 0.05. Therefore the privately selected maximizing
bin must belong to {11, I, Ixt+1}-

Since g, is the left endpoint of the selected bin, it follows that

1G5 — 17| < 2KV R log® (mdk/€) @)

for all (j,r) simultaneously with probability at least 1 — (/4. By basic composition over the dk
coordinate histograms, the released coordinate center (g;r) je(d),re[x] 1S (EC, dc)-DP. This accounts
only for the private center selection; the unnoised truncated average returned by TRUNCATEDMEAN
is not a standalone DP mean release.

Finally, on the intersection of the events (3) and (4), for every i, j, 1,

(Gl = ael S1Gi)e = ") + = g3r| < 3KV Rlog™ (mdki/C) = R
Thus
(Gi)jr € [9jr — R, gjr + R
for all 7, j, r simultaneously. Hence no coordinate is clipped. Let G be the coordinatewise truncated

version of ;. The preceding display implies G; = G; = A;(Q for all . Since each A; is symmetric,
QT A;Q is symmetric, and hence A;Q € S¢. Therefore the raw mean also belongs to Sg, so

1 o= ~ 1 —
O

Theorem 5 (Privacy and accuracy of PRIVRANGE). Algorithm 4 is (¢,6)-DP. Let Q € R¥* have
orthonormal columns q1, . . ., qi, and suppose Q) is fixed independently of the current batch {Ag}le.
Define Gy = A,Q € R™F, 0 =1,..., B, and let A(Q) := max, ¢ (i) A\ || Hqy||2.

Assume that the matrices Ay satisfy Assumptions A.1 and A.4. If the block size b = LAJ satisfies b >

2m

O(K?dlog(km/()), equivalently, B > O (szlog(k/(ém log(1/(5¢)) ) up to the same logarithmic

g

factors, then with probability at least 1 — ¢, Algorithm 4 outputs A satisfying A € [A(Q), CAAN Q)]
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Proof. Privacy is immediate. The algorithm first transforms the batch {G,} £, deterministically into
the block maxima {m;; }J";, and then applies the (¢, §)-DP histogram learner (Lemma 12). Hence

Algorithm 4 is (e, §)-DP.
We now prove the accuracy guarantee. For each column r € [k], define

gér) = Gye, = qu,« S R

Since (@ is fixed independently of the current batch, each ¢, is fixed and independent of the samples
{A¢}B_|. Therefore the vectors {gér)} are in the setting of Theorem 6.1 of Liu et al. [2022].

For each block j € [m] and column r € [k], let Gg»r) € R?*® be the matrix whose columns are the
r-th columns of the paired differences in G;, and define

1 T T
A =M (%G§ (G >)T> :

The columns of G§T) are pair differences, whose covariance is twice the target covariance. Thus the

factor 1/(2b) normalizes the block covariance to the original target scale. By the concentration result
underlying Theorem 6.1 of Liu et al. [2022], provided
b > O(K?dlog(km/()),
we have with probability at least 1 — ¢/(10m) that, simultaneously for all r € [k],
1
N € | 2 Na s VIR Harle].

On this event,

1
my = s, € | <= A(Q), VEA@)].

Since the m blocks are independent, a Chernoff bound implies that with probability at least 1 — /2,
at least a 3/4-fraction of the values {m;}7", lie in the interval

4@, v2A@).

By construction of the geometric partition €2, this interval intersects at most two consecutive bins, and
therefore one of these bins contains a constant fraction of the points m ;. Lemma 12 then implies that,
with probability at least 1 — /2, the DP histogram learner returns a non-empty bin [/, 7] containing
this heavy cluster.

Consequently,
1
I<V2A(Q) and 1> FMQ),

so the output

A=2l
satisfies R
A € [AMQ), CAMQ)].
Combining the above events proves the theorem. O

Lemma 12 (Stability-based histogram [Karwa and Vadhan, 2017, Lemma 2.3]). For every K €
N U {oc}, domain Q), every collection of disjoint bins By, ..., Bk defined on Q, n € N, ¢ > 0,
5 €(0,1/n), B > 0, and a € (0, 1), under the replacement notion of neighboring datasets there
exists an (g, 0)-differentially private algorithm

M:Q" - RE
such that for any dataset X1, ..., X, € Q",

1.
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(]31, . ,]5}() — M(Xl, R 7X"),

> mi 8 1 2K 8 1 4
n_mln{gﬁ Og(a),gﬁ Og(@d)}’
P(|pr — prl < B) > 11—«

Corollary 2 (Rank-k spiked covariance). Let Vi, € R*** have orthonormal columns, let A =

diag(Aq, ..., Ag) with Ay > -+ > A\ > 0, and let X; = ViAY2 4+ 02, (Zi)ab g N(0,1). Set
A = XiXiT, then ¥ = E[A;] = VkAVkT + ko214 Running Algorithm 2 with input A, ..., A,
outputs QT with high probability satisfying

o/ (A1 + ko?)kd N Kdk o\ + o2k
)\k\/ﬁ 5)\kn

then

1QrQ7 — ViVy |lr < O (

Proof. Let
Si = Al -

First,
A= (VAYV?2 46 Z)(VAYV2 +02Z)7.

Expanding and taking expectations gives
E[4;] = VAV + oVAY2E[Z]] + oB[Z]AY?V T + 0*E[Z:Z]).
The two cross terms vanish because E[Z;] = 0. Since Z; € R?** has i.i.d. standard Gaussian entries,
E(Z:Z] = k1.
Therefore
Y =E[A;)] = VAV + ko?I,.
The eigenvalues of X are
pj =X +ka®,  j<k,

and
fk1 =+ = pg = ko
Hence

p1 =M + ko?, Mk — Ptr1 = Ak

Next we control the variance parameter in Assumption A.3. Write

B:=VAVT.
Then
S;=A;—%
= oVAY2Z + 0 Z N2V + 6222 — k1Y),
Define
Ci=VA2Z] + Z,AV2VT ) Ry =27 — k.
Thus

S; =0C; + O'2Rz'.
Since (A + B)? < 2A? + 2B? for symmetric matrices,

E[S?] < 20°E[C?] + 20*E[R?).

We now compute the two terms. By Gaussian moment calculations,

E[C?] = (d 4 2)B + tr(A)I,.
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Therefore
IE[C?]||2 < (d+2)A;s + tr(A).

Also, since ZiZZ.T is a Wishart matrix with k£ degrees of freedom,

E[(Z:Z — k14)%] = k(d +1)I,.
Hence

IER) = k(d +1).
Combining the previous displays,
[E[S?]ll2 < 20° ((d + 2)A1 + tr(A)) + 20" k(d + 1)

< do? (M + ko?).

Since j11 = A\ + ko2, Assumption A.3 holds with

Vo < do*(\ + ko?)  do®
S TN+ ko2)2 A+ ko2’

Next we bound . For any unit vector u,
S;u = oCiu + o R;u.
Again using (7 +y)(z +y) " < 2z2" +2yy ", we have
E[Sjuu’ S;] < 20°E[Ciuu' C;] + 20 E[Ruu R).

Now
Ciou=VAY2Z u+ Z;A?*V T,

Since Z;" u ~ N(0, I1),
E[VAY2Z uu" ZAY?V T = VAVT = B.
Also, letting a = A2y Ty,
E[Ziaa" Z]'] = ||al|21s < M 14
Therefore
||E[C¢UUTCZ‘]H2 5 )\1.
For the Wishart fluctuation term, another standard Gaussian moment calculation gives

E[(Z:Z] — kl))uu'(Z:Z] — kIg)] = k(Ig+uu'),

and hence
|E[Riuu" R;]||2 < 2k.
Thus
HIE[SiuuTS’i]H2 < o\ + kot = 0% (A + ko?).
By the definition of ~,
E S’iuuTSi
e [EISTS,
flull=1 MY
o)
2 o*(M\ +ko?)  o?
()\1 -|— k02)2 o )\1 -|— k0'2 ’
Equivalently,

Wy S oA+ ko2,

It remains to verify the boundedness parameter on E,q. The standard Gaussian operator norm bound
gives

P(HZiHQ <Vd+ \/E—Ft) >1—e /2,

Taking t = 2+/log n and union bounding over i € [n] yields

1
P >1- =,
(Eba) > -
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On this event,

1Xill2 < VA1 + o(Vd+ VE +2y/logn).

Therefore
[Ai = X2 < [[Aillz + [[Z]]2
= XI5 +
2
< (\/)\1 +o(Vd+Vk+ 2\/logn)) + A1 + ko?.
Using

IPT(A; = D)2k < VE || Ai — ZJ2,

we may take

M:@[(\/E—l—a(\/g—&-\/%—f—%/@)f—i—)\l—i—kaﬂ.

We now apply Theorem 2. Its first term is

11V EVihm
(ke — pr1)V/n
Using
p1 = A1 + ko?, Pl — P41 = Ak,
and o2
g
Vihm S N+ kol
we obtain

iRV Ot ko)
(ke — prg1)v/n ™ NG
o+/kd(Ms + ko?)
v

The boundedness term becomes

viv F {(\/E+a(\/3+ ﬂ+2@))2 + M\ +k02}

Akn AL

Finally, the privacy term is
p1 K dky

e(pr — prr1)n’
Using 17 < oV A1 + ko? and pg, — pig1 = A, this is bounded by

Kdk o/ + ko?

EAkn

Combining these three bounds proves the claim.

O

Corollary 4 (Gaussian spiked covariance, Algorithm 2). With input matrices A; = xlx: with x;

defined as in Theorem 8 Algorithm 2 gives

~ [ MVkd Kdk\
T _vVililr<O| 2L L.
1QrQr — ViVi' lIr < (Ak\/ﬁ A

Proof. Since z; ~ N(0, %), we have
E[A;] = E[z;z] ] = X

The eigenvectors corresponding to the top k eigenvalues of X are the columns of U. Moreover,

AJZGJ—FO'Q, jék, >\]€+1:"':Ad:(72,
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so the target eigenspace is span(U ), and the eigengap is
A = Mg — Ag+1 = Ok
Let
Si ::Ai—E:xixI—Z.
We first compute the variance parameter appearing in Assumption A.3. Since z; is Gaussian,

E [||z:[3z ] = tr(2)T + 252,

Therefore
E[S7] = E[(ziz] — %)%
= E|jzil3zz] ] - 2
=tr(2)X + %2
Hence

d
|ELSPI|l, = M tr(2) + A7 = A | A1+ ZAJ
j=1
Thus Assumption A.3 holds with

d
A1 ()\1 + Z]‘:1 )\j) B A+ Z?:l Aj

‘/thm = /\% )\1

Next we bound . For any unit vector u,
E[Ssuu' S;] = E[(ziz,] — X)uu' (z2] — X)]
=E[(u"z)?ziz] | — Suu' 2.

Using the Gaussian fourth-moment identity,

E[(u'z;)zz; | = (u' Lu)E + 2%uu ' 2.
Therefore

E[Siuu’ S;] = (u' Zu)X 4 Zuu' X

Taking operator norms gives

|[E[Siuu"Si][], < (u"Su) S|z + [[Sull3

<N+ A2 =2)2

Hence

=

For Gaussian quadratic forms, Assumption A.4 holds with @ = 1 and an absolute constant K. We
absorb this absolute constant into the O(-) notation.

It remains to verify the boundedness parameter on a high-probability event. Write z; = £1/2g;,
where g; ~ N (0, I). Then
zill2 < v A1llgillz-

By the standard Gaussian norm bound,
P(llgll < Vi+t) = 1-e 2
Taking t = 2+/log n and applying a union bound over i € [n], we get
1
P(Epq) >1— —.
CHESES
On de,

2
14 = Sl < lwse] o + 802 = lwill3 + M < A [(Vd+2y/logn)® +1]
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Since
IPT(Ai = D)l < VE[Ai — B2,
Assumption A.2 holds on &4 with

M = Vi [(Vd+2v/logn)” +1] .

We now apply Theorem 2. Its first term becomes

IYES-DY
A1 Vv k‘/thrn o )\1 k%
NN NN
\/ml (Al +30 Aj)
= AT ,

The boundedness term becomes
VEM kA [(\/E+2\/logn)2+1]
Akn - Akn '

Finally, since v < v/2 and K is an absolute constant for Gaussian quadratic forms, the privacy term

satisfies
A Kdky < dkXq
eApn  ~ eAgn’
Combining these three bounds proves the result. O

C.5 Proofs for the tangent refinement theorem

Theorem 6 (Restated Theorem 3). Suppose A1, ..., A, satisfy Assumption A. Suppose further that,
together with the starting point Qq, they satisfy Assumption B, and that

1Q0Q¢ — ViVi' || < co/2
with probability at least 1 — (/8. Set

B=lrl. 1= |cros(5 ).

- K?2d+ Kdk k(vg +v}) VEM, K(go+ g1)dk
>
n >0 (max{ 6 , A2 A A )

If

then there exists a choice of learning rates {n;}1_, such that, with probability at least 1 — (,
Algorithm 3 outputs Qr satisfying

~(Vkvy VEM, Kgodk
T T 0 s 90
|QrQr — ViVi HF < Opty +O<A\/ﬁ + An * Aen |’

where Optp 1= exp(—cA Zthl 77,5) ||QOQ(—)r — VkaTHF .

Lemma 13 (Privacy of TADADPO). Suppose the warm-start samples and refinement samples are
disjoint. If the warm-start algorithm is (&, §)-DP and each refinement iteration uses disjoint batches
with the budget allocation in Algorithm 3, then the full two-stage algorithm is (g,8)-DP. If the
warm-start and refinement phases reuse records, their privacy costs compose sequentially.

Lemma 14 (Privacy of projected coordinatewise tangent mean). Fix Q € Sqp, 1 =1-QQ", a
coordinate center C € R¥*, and a coordinatewise radius r > 0. For a batch S = (A1, ..., Ay),
let Y;(C)) be T1A;Q after coordinatewise truncation to [Cjr — 1, Cjr + 1], and define



Let Z € R¥¥ have i.i.d. entries N'(0,0?), and release
Mc(S) = he(S) + 11Z.
If

o> VIR s 125 0m),
men

then Mc¢ is (epr, dnr)-DP conditional on C.

Proof. By construction, A (S) lies in the tangent subspace
To ={Y eR"*:QTY =0},
because Q ' IT = 0. If neighboring batches differ in one entry, then

27“\/&

m

[hc(S) = he(S)p <

because each coordinatewise-truncated matrix lies in a coordinate box of radius 7, and II is non-
expansive in Frobenius norm. The random matrix ILZ is a centered isotropic Gaussian on 7g: if @ |
is an orthonormal basis for span(Q)*, then I1Z = Q, (Q ] Z), and Q| Z has i.i.d. N'(0, 0%) entries.
Thus this is the standard Gaussian mechanism in the Euclidean space (7q, ||-|| ) with sensitivity

2rv dk

m

Ay <
which proves the claim. O
Proof of Lemma 13. Fix an iteration ¢, and condition on all previous outputs. Then Q = ;1 and
I=1-QQ" are fixed.

The range half is handled by PRIVRANGE and is (g, dg)-DP. It is disjoint from the mean half.

Now consider the mean half. Let C' be the coordinatewise center computed internally by TRUN-
CATEDMEAN. Since TRUNCATEDMEAN runs dk coordinate histograms, each with privacy budget
(ec/(dk),éc/(dk)), the center C'is (e¢, d¢)-DP by basic composition.

Conditional on any fixed value of C, the projected coordinatewise truncated mean plus I17; is
(enr, 0ar)-DP by Lemma 14, using the Gaussian calibration in Algorithm 3. By adaptive composition,

(07)_/1‘, + Wt)

is (¢ + ear,6c + dar)-DP on the mean half. The algorithm releases only Y; + W, so hiding
C' is post-processing. Since Algorithm 3 sets (¢, 0¢) = (ep,00) = (€/2,0/2), the mean-half
mechanism is (g, 6)-DP.

The range and mean halves are disjoint, so one update is (¢, )-DP by parallel composition. The
refinement batches are disjoint across ¢, so the full refinement phase is (&, §)-DP. Finally, because
the warm-start and refinement samples are disjoint, the two-stage algorithm is (&, )-DP by parallel
composition.

Proof of Theorem 6. Let e; := ||Qt6,2tT — P, H 7 - We first collect the high-probability events. By
Lemma 15 and a union bound over ¢ € [T7,
98, <N < Chgd,

holds for all ¢ with probability at least 1 — (/8. On this event, Lemma 16 implies that no coordinate
in any mean batch is clipped. Thus, writing Q = Q,_; and I = I — QQ", on the no-clipping event,

1 1
Ht:E.Z Yi:E,Z, ITA; Q.
ZGB{IISBH ZGB;}ledIl
Since each Y; lies in the tangent space, I1j; = p;. Therefore the update has the form

Qt = QR(Q +n{lIXQ + E}),
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where
B = — > (A4 - D)Q + W

y mean
1€

This is exactly the form needed for the local tangent contraction lemma. By Lemma 17, again union
bounded over ¢,

~ K dk
B < o(\/%vQ,,_lml/Q +VEM m™ + gQH)

me
simultaneously for all ¢, with probability at least 1 — /4. Using Assumptions B.2 and B.3, this gives
|Eillp < A+ Deyq,

where

~ Kgodk ~ Kgidk
4= O(\/Evoml/2 +VEM m™ + 90) ’ D= O(\/Evlml/Q + gl) )
me me

For every iterate that remains in the local basin, Lemma 18 gives
et < (1—cmAes—1 + Cne || Bl -

The stated lower bound on n, together with m =< n/T and logarithmic T, implies D < cA for a
small enough universal constant. Hence

er < (1—cmA)ey_1 + CniA.
Unrolling this recursion yields
T
CA
er < exp (—C/A Znt> eo + -
t=1

Since T is logarithmic and m =< n/T,

A (VE FM, . Kgodk
O<\FU°+\F Ly = )

A Ay/n An Aen

This gives the claimed bound after adjusting constants in Opt.

It remains only to justify that the local condition is valid throughout the proof. The sample-size lower
bound also makes A/A < ¢ after reducing the universal constants. Since the initializer satisfies
||QOQ(—)r — P*HF < ¢p/2, induction gives HQtQ: — P*HF < ¢g for every t < T. Combining the
initializer event with the range, center, and perturbation events gives probability at least 1 — (. [

Lemma 15 (Accuracy of PRIVRANGE on tangent samples). Fix Q) € Sy, independently of the
current range batch, and let Y; = 11 A;Q. Suppose Assumption B.4 holds at Q. If the block size in
Algorithm 4 satisfies

b > Q (K*dlog(kmo/a)),

then with probability at least 1 — o, PRIVRANGE outputs A satisfying

95 < A< O

Proof. The privacy argument is part of Lemma 13; here we prove accuracy. Here PRIVRANGE
is applied to the tangent samples Y; = II5A;(Q). We now prove the accuracy guarantee. Fix the
current iterate (2, and condition on all previous batches. Then (@ is deterministic and independent
of the samples used by PRIVRANGE. Let P = QQ T, Tl = I — P, and write the columns of () as
q1, - - -, qx. For each column r € [k], define the tangent covariance

Cr(Q) = IQE[(A — £)g,q, (A = %) '] g,
and define the corresponding tangent scale

2 = C, .
90 gé?ﬁ\\ (@2
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For a paired sample, define v .= g (Ass — Ass—1)gr. Then,
E[VO(V)T] = Ellg (A2, — D)arg] (A3, — ) THg]
+E[Mg(A2s—1 — £)grq, (A2s—1 — ¥) 'g]
—20,(Q).
Thus the empirical matrix Cj, := & cq, v (v " is an unbiased estimator of C,.(Q). We
define ;= Amax(Cjir), My = max,epy Ay

By the concentration result underlying Theorem 6.1 of Liu et al. [2022], applied conditionally on
Q to the independent centered vectors V" /V/2,s € G;, and then union bounded over r € [k], the

batch-size condition L
b> é(KQ <d+1ogm°>>
«

implies that, for each fixed batch j, with probability at least 1 — a/(10my),
max Haj,r - O’I“(Q)H < 7709?277]0 =1~ 2_1/2-
2

A union bound over the my batches gives that, with probability at least 1 — «/10, this event holds
simultaneously for all j € [mo] and all » € [k]. On this event, we prove that every batch statistic
m; lies in a constant factor interval around gé. Let r, be a column attaining the maximum in the

definition of g3, so that [|C;., (Q) |2 = g3 By Weyl’s inequality,
)‘j,m = AmaX(ajJ\) > )‘maX(CT* (Q)) - Haj,m - CT* (Q)”Z > (1 - 770)9?9 - 271/29(23-
Therefore

m; = max \; . > 271242
=i Je

For every r € [k],
Nir € Ama(Cr(@Q)) + || G = Q)| < 2722

Taking the maximum over r yields simultaneously for all j € [my],
my € [5742g8, 3248

It remains to pass from the non-private block statistics to the private range estimate. The geometric
bins in the stable histogram algorithm have multiplicative width 2'/%. The interval

Ig = {2_1/2gé, 21/2952]

has endpoint ratio 2, and therefore intersects at most a universal constant number C¢, of consecutive
geometric bins. Therefore, by Lemma 12, the bin selected by the private histogram intersects I with
probability at least 1 — «v/2.

Let the selected bin have left endpoint ¢. Then,
2—3/4932 << 21/295.
The algorithm outputs A = 2¢, where the factor 2 is a universal safety constant. Hence
g <A <2%gp.
Absorbing 23/2 into a universal constant C 'A, We obtain
98 <A < Cagd.

Combining the concentration event and the histogram event gives the claim with probability at least
1—a.

O
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Lemma 16 (No clipping for projected tangent truncated mean). Fix an iteration and condition on the
past, so that QQ € Sq, I1 =1 — QQ', and A are fixed. Let

Suppose g% < A < C’Agé. Run TRUNCATEDMEAN on Y7, ..., Yy, with coordinate radius

r = CrKV A log® (mdkT>
Q

and center privacy parameters (ec, 0¢). If
~ (dk
Ec

(Yo)jr € [Gjr — 7, Gjr + 7] foralli € [m], j€l[d], r €[k],

then with probability at least 1 — q,

where g;, is the coordinate center selected by TRUNCATEDMEAN. Consequently, if 17, denotes the
truncated version of Y;,
1 &Ko 1 &
I <m 2 Yi) =
1= 1=

Proof of Lemma 16. Condition on the past and on the successful event gé < A < Ch gé. Then Q,
II, and A are fixed, and the current mean batch is independent of them.
Fix (j,r) € [d] x [k]. Since
(Yi = 1Q)jr = ¢] I(A; = X)g, = (Ilej) T (Ai — E)gy,
if Ile; = 0, this coordinate is identically zero. Otherwise set u; = Ile;/||Ilej||2. Then u; L
span(Q). [|u;ll2 = 1, and
(Y; — 1q)jr = [Mejl2uf (Ai — )y

Thus Assumption B.4, together with A > gé, implies that for

. T
L= Coan K VA log® (m‘ik ) ,

we have

«
Pr{|(Y; — ir| > L) < ————.
(Y = 1Qirl > 1) € 1o

A union bound over all dk coordinates and all samples in the mean batch gives, with probability at
least 1 — /4,
(Y~ o)yl < L

simultaneously for all ¢ € [m] and all (j,7).

On this event, for each coordinate (7, ), all samples lie in
Iir == [(k@)jr — L, (n@)jr + L.
Since the histogram bins have width \/K the interval I, intersects at most

mdk;T)

Cbin S CK loga<

consecutive bins. By the stability-based histogram guarantee, equivalently by Lemma 12, applied
with per-coordinate privacy budget (¢ /(dk), dc/(dk)) and union bounded over the dk coordinates,
the selected private bin intersects I, for every coordinate with probability at least 1 — «/8, provided

aof®).
Ec
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with logarithmic dependence on dk, cv, ¢ and the K log®(mdkT /c) factor hidden in €2 ().

Let g, be the left endpoint of the selected bin. Since the selected bin intersects I,

= .~ dkT
1G5 — (1Q);0] < L+ VA < CEVARlog® (ma) .

Thus, on the intersection of the tail and histogram events, for all ¢, 7, r,
|(Ya)jr — Gjrl < |(Yi — p@)jrl + [(1Q)jr — Girl <7

after choosing C'r sufficiently large. Hence no coordinate is clipped, so ENQ =Y, for all 7. Since
Y; = I1A;Q, we have I1Y; = Y;, and therefore

I e~ o 1 «
Im{ — Y| =— Y;.
Summing the failure probabilities gives the stated probability after adjusting constants. O

Lemma 17 (Tangent perturbation bound). Fix an iteration and condition on the past and the
randomness that determines vy, so Q = Q;—1, 1 = I — QQT, and r; are fixed. Let m = |Be*»
and define

’

1

St = E . Z H(AZ - Z)Q, Et = St + Wt7
ieBpean
where Wy = 11Z;, (Z4)jr =" N (0, 07), with o = 208 /510g(1.25/621). Let
Y, :=T1I(4;, - ©)Q,
and define
vy = max {|[EY:Y; ], , [|EY;T Vi, } -
Assume

IYilla < M, a.s.

Then, on the event ry < CK gg polylog(BdkT/{), with probability at least 1 — £ over the mean
batch and Gaussian noise, we have, suppressing logarithmic factors,

) Kgqdk
| Et]|r < O(\/Eval/2 S VEM m™ '+ ﬁ) .

Proof. Conditionally on the past and on r;, the matrices ¥; = II(4; — X)Q, i € B, are
independent and mean zero. We first bound the stochastic term S;. For a rectangular matrix
Y € R4¥F, define its self-adjoint dilation

_ (0 Y (d4-k) x (d+k)
DY) := (YT O) eR .
Then | D(Y;)|l2 = [[Yills < M., and by the definition of vo, Ziewan]E[D(n)2]H2 < mvd,.
Self-adjoint matrix Bernstein applied in dimension d + k gives, with probability at least 1 — £/2,

Loy oy < C(@@ log((d+k)/€)+MLlog((d+k)/£)>.

m m m

Z'GB;TJC&H 9

Since S; € R** we have || S|z < Vk||S¢||2. Therefore, with probability at least 1 — &/2,

ISile < CVE (w loa(d + F1/S) M. log((d + k)/f)) |

m m

It remains to bound the Gaussian term. Let (), be an orthonormal basis for range(II), so that
O=Q,Q. Then W, =11Z; = Q1 (Q] Z;), and |W;||r = ||Q] Zi|| . By rotational invariance
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of the Gaussian distribution, Q | Z; € R(4=%)*F hasii.d. N'(0,0?) entries. Thus % ~ Xla— k-
A standard chi-square tail bound implies that, with probability at least 1 — £/2,

Wil r < Copn/dk + log(1/€).
Substituting o = 2;;;5 21og(1.25/85) gives
Tt\/i

Wellp < C—~ \/(dk + log(1/€)) log(1/dar).

Combining the bounds for S; and W; by the triangle inequality and using the event,
ri < CKgq polylog (BdkT/()
completes the proof. O

Lemma 18 (Local contraction of the noisy tangent step). There exist universal constants cg, ¢, ', C >
0 such that the following holds. Let P, = VkaT, let A = A, — A1 > 0, and let Q) € Sy j; satisfy

1QQ" — P.|lr < co.
Let E € RY>F satisfy QTE = 0. If n < ¢/\; and
Q" = QR(Q +1(llgX2Q + E)), Mo =1-QQ",

then
1QT(@QM)T = Pulr < (1= dnA)|QQ" — Pullr + CnlE| r.

Proof. Let Gg := lloX(Q. We first prove contraction for the noiseless update

Q = QR(Q +1Gq),
and then compare ) with the noisy update. Work in the eigenbasis [V}, V| ] of ¥, so that
¥ = diag(A1, A2), Ay =diag(A, ..., k), [Azll2 < Ak

Set
A:=VQ, B:=V/'Q, H:=Q"x2Q, N := AyB — BH.

Since Q' Q = I, we have AT A + BT B = I;,. Moreover,
1QQT — Pl = V2||B||r,

Let Y := Q + nGg. The bottom block of Y is V'Y = B + nN. Also Q" G¢g = 0, and therefore
VY = I + n*GHGq = I
Thus QR normalization right-multiplies Y by a matrix of operator norm at most one, so
IV QIIE < 1B +0N|% = | BlI% + 2n(B, N) + || V||
We now bound the two terms involving V.
—(B,N) =tr(B"BH) — tr(B" A3B).
Equivalently, using AT A+ BB = I and \; — \; > Afori < k < j,

—(B,N) = > (A\i = \)I(ABT)y* > A|ABT |7
i<k<j

Finally,
|ABT|% = tr(B"BAT A) = tr(B' B(I, — B' B)) > (1 — || B||3)||B|%-
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Hence —(B, N) > A(1 — || B||%)|| B||%. The same block calculation also gives, for ¢y sufficiently
small,

INI-<C > (x PI(ABT)y[* < Ch[—(B, N)].
i<k<j
Therefore, if n < ¢/A1,
IVIQIE < 113 — 208, N)] + O A1 [ (B, V)]
< |Bl% — enA||B||%
< (1—end)| Bz,

where in the second line we used || B||r < ¢p and chose ¢y and ¢ small enough. Taking square roots
and adjusting constants,

IV Qllr < (1 = nA)|IB| r.
Since projector Frobenius distance is v/2||V " Q|| r,
1QQT — Pllr < (1 = nA)QQT — Pulr.
Now consider the noisy update
Y:=Q+nGg+E).
Since QTGQ =0andQ'E =0,
Q'Y =Q'Y =1I,.
Thus both Y and Y have smallest singular value at least one. The orthogonal projectors onto their
column spaces therefore satisfy

[Py = Pyllr <CIIY =Y | r = Cnl|E|lr,
where o
Py =QT(QN)T, Py =QQ".
The triangle inequality gives
1QT(Q")" = Plr < 1QQT — Pullr + |Py — Py|r

<1 -dnA)QQT — Pulp + ClE||p-
This proves the lemma. O
Lemma 19 (Gaussian covariance). Let A; = x;z; with z; ~ N(0,X), and let

trsx(X2) = Z Aj.

>k

In a local basin around P,, Assumption B holds with

Vg X \/)\1 (tr>k(§]) + k‘)\kJrl), v < )\1\/E7

9o X /A A4, g1 < A,

up to logarithmic high-probability truncation factors in M | . Consequently, under the absorption
condition in Theorem 6,

and

VEMN (> (D) + EAerr) . VEM | fc/AlAk+1 dlc)

|QrQs — P | < Opty +O< Ayn An Aen

Proof. The Gaussian fourth-moment identity gives, for every fixed symmetric matrix B,
E[(A-X)B(A-XY)] =tr(X¥B)X + £BX. 5)

Fix Q € Sy, set P = QQ ", I = I — P, and define ez = ||P — P||,. For a column ¢ of Q, (5)
with B = qq ' gives

E[(A-%)qq" (A—=%)] T = (¢ Sq)ISI + (II2q)(IT2q) T
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If 2z € range(II) is unit norm, then Pz = 0, so P,z = (P, — P)z and || P,z|| < es. Hence
282 < Apg1 + Me3, [TISIT||, < Agy1 + Ares.

Moreover,
g, < [[IE(P — Po)lly + [[IIPEP [, < 2A1e2.

Since ¢ 2q < A1,
96 < C(AAky1 + Afe3),

and therefore
9@ < C(V A1 Aes1 + Me(Q)).
This gives the stated choices of gg, g;1.
For vg, write Y = II(A — £)Q. Since P = QQ",
YYT =T(A - X)P(A - D)L
Applying (5) with B = P,
E[YY'] = II{tz(EP) + EPS}IL
Using tr(XP) < kA, [|[HEII|, < Agt1 + Are3, and ||[IIEP||, < 2) e, we obtain
e [yYT]

H2 < Ck/\l(/\k+1 + /\16%).

Similarly,
Y'Y =QT(A- )4 -%)Q.
Using (5) with B =11,
E[YTY] = Q" {tr(ZI)S + SIE}Q.
Now
tr(ZH) < trs g (Z) + kAre,

and ||[TIXQ||> < 4A\2e2. Thus

[E[YTY]|, < C(Atrsi(S) 4+ kATe3) .
Combining the two variance bounds yields

vy < C (M[trsk(E) + kXpg1] + kATe3)

SO

vg < C (VMrsr(®) + k] + AvEe(@)

This gives the stated vg, v1. O]

Proof of Corollary 3. For flat-tail covariance, tr~x(2) = (d — k) Ag41. Hence Lemma 19 gives

Vo X \/d)\1>\k+1, go < \/Al)\k+1~

Substituting these values into Theorem 6 yields

VA1 A1

A

n En

1QrQF — Pi||» < Opty +0 (

dk de] \/EML>
+ .
An

Since A = A\ — Ai41, taking n large enough to absorb the last term and the Opt,, gives the
inequality.
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D Existing Lower Bounds

Theorem 7 (Lower bound, Gaussian distribution, Theorem 5.3 in Liu et al. [2022]). Let M, be a
class of (¢,0)-DP estimators that map n i.i.d. samples to an estimate © € R%. A set of Gaussian
distributions with (A1, A\2) as the first and second eigenvalues of the covariance matrix is denoted by
P(a12o)- There exists a universal constant C' > 0 such that

d d A2
inf Egpn[sin(6(S), v1)] > C mi LR IV
g P01 2 o (o7 5 )2

A
A1—A2"

Theorem 8 (Theorem 4.2 in Cai et al. [2024]). Let the dxn data matrix X have i.i.d. columns sampled
from a distribution P = N(0,UANUT + 0%1,) € P(\,02), where U € R¥* has orthonormal
columns. Suppose § < c}exp{2e — co(evndk + dk)} for some small constants cg, ¢y > 0. Then,
there exists an absolute constant ¢; > 0 such that

rTrr T T 2
it syp EIOTT-UU |F>Cl<<a\/)\+a >< d+d\/E>/\1>

where vy is the true top eigenvector of the expectation of the i.i.d. samples and k =

TeU. s PEP(N,02) VE - A n ' ne
where the infimum is taken over all the possible (g,6)-DP algorithms, denoted by U, s and the
expectation is taken with respect to both U and P and
P\, 0?) = {N(0,%) : % = UNU " +0%14,U € Ogp, A = diag(M1, ..., M), col < M\ < A\ < CoA}
Corollary 5 (Corollary 3 in Diingler and Sanyal [2025]). Let the d x n data matrix X have i.i.d.
columns sampled from a distribution P = N (0,UAU" + ¢%14) € P(\,0?) where P(\,0?) =
{N(0,2), 2 =UAU T +0%14,eX < A\, < -+ < Ay < CA}. Suppose § < cfy exp{2e—co(evVndk+
dk)} for some small constants cq, ¢, > 0. Then, there exists an absolute constant ¢; > 0 such that

e o wiza () (2 2 ).

TeU. s PEP(N0? Zle(& +02?)

E Further Algorithms

Theorem 9 (Main Theorem, Huang et al. [2021]). Given matrices Ay, ..., A, € R**? that are
i.i.d., symmetric random matrices, satisfying E[A;] = X for all i and the uniform bound

sup sup |PT(A; — )2 < M as.

i PESgk

For every § € (0,1), define learning rates

~ [ kM? ~ ( M?
w=o(Gz) 2=o(5r)

~ 1
© > ) t S no,
PrNo

and

T]t =
t > ng.

1
Pk(ﬁ+t—no)) ’

Let V € RY¥¥F be the orthogonal matrix whose columns are the k leading eigenvectors of .. Then
for any n > ny, the output Q,, of Oja’s algorithm satisfies

log(Mk/(pr0))

M
1Qn@, —VV T |lp < C'—
Pk n—"no

with probability at least 1 — 8, where C' is a universal positive constant.

Note that Huang et al. [2021] requires the matrices to be i.i.d. However, their main recursion
Theorem 3.1 does not require identically distributed nor independent. These requirements arise from
their Phase I proof, that first proofs the result for finite support and then lifts the result to general
distributions using i.i.d. We show that this result can be extended to our use case (of non identically
distributed matrices) in Theorem 15.

43



Algorithm 4 PRIVRANGE

Input: S = {G;}2 | C R4, privacy parameters (g, §), failure probability ¢

1

AN AN

cfori=1,2,...,|B/2] do

Let G; < Go; — Goi_q1 € Rdxk
end for 5
Let S = {G,}.5/%
Let m + C1log(1/(6¢))/e
Partition .S’ into m subsets and denote each subset by G;, where each subset has size b =
|B/(2m)]
forj=1,...,mdo

forr=1,...,kdo

Let Gy) € R%*? be the matrix whose columns are the rth columns of the matrices in G,
1 ) (AT
Let Ay = M (3657(657))

end for

Let m; < max,cp) Ajr
: end for
Partition [0, 00) into Q <« {..., [272/4 27 1/4) [271/4 1), [1,21/4),[21/4,22/%), ... Y U{[0, 0]}
: Run (¢, 6)-DP histogram learner of Lemma 12 on {m;; }7"; over {2
if all the bins are empty then

return L
end if
Let [I, 7] be a non-empty bin that contains the maximum number of points in the DP histogram

. return A = 2]

Al

gorithm 5 TRUNCATEDMEAN

In

put: S = {Gy,...,Gp} C R*k  truncation threshold R, range estimate K, center privacy

parameters (e¢, d¢ ), failure probability ¢

1

2:

(95}

forj=1,...,ddo
forr=1,...,kdo

Run a private histogram learner on {(Gy);}2_, over bins of width VA using privacy
budget (c:/(dk), o/ (dh))
Let [¢;,, hj,] be the bin with the largest private count
Set Gjr < fjr
end for
end for
for/=1,...,Bdo
forj=1,...,ddo
forr=1,...,kdo
Truncate (Gy)r to [g;r — R, Gjr + R].
end for
end for
Let GGy be the truncated matrix
: end for _
return i + £ 37 G,

F

Experiments

This appendix documents the implementation choices and algorithmic details omitted in the main
paper. All experiments were run under the replace-model (e, §)-DP setting with e = 1 and 6 = 0.01,
unless explicitly stated otherwise. In Figure 1a we give additional experiment results that had to be
omitted from the main paper due to space constraints.

In
an

Section 3.1 we compare the performance of ADADPO to k-DP-PCA and k-DP-Ojas [Diingler
d Sanyal, 2025], two adapted versions of the DP-Gauss algorithms of Dwork et al. [2014], we
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Algorithm 6 Private Top Eigenvalue Estimation, Algorithm 4 in [Liu et al., 2022]
Input: S = {g;}2 |, (¢, §)-DP, failure probability ¢
1t Let §; < ga; — goi—1 fori € 1,2,...,|B/2|. Let § = {g;}\5/*

2: Partition S into k = C} log(1/(6¢))/e subsets and denote each dataset as G; € R?*?, where
each dataset is of size b = | B/2k]

3: Let )\Ej) be the top eigenvalue of (1/b)G; G, for Vj € [k]

4: Partition [0, 00) into € «— {...,[272/4,271/4) [2-1/4 1) [1,21/4),[21/4,22/4) .. . }u{[0,0]}
5: Run (g, 6)-DP histogram learner of Lemma 12 on {)\gj ) };?:1 over 2

6: if all the bins are empty then

7: return L

8: end if

9:

Let [/, ] be a non-empty bin that contains the maximum number of points in the DP histogram

10: return A =/

Algorithm 7 Oja’s Algorithm Huang et al. [2021]
Input: symmetric matrices S = {A;,..., A,} in R¥™9, k € [d] , learning rates {n;}}_,

1: Choose Qf, € R?*¥ uniformly at random, Qo + QR[Q}]
2. fort=1,2,..., T =ndo

3: Q} +— Qi1+t A Qi1

4 Q¢ < QR[Q}]

5: end for

6: return Qr

refer to as DP-Gauss-1 and DP-Gauss-2 respectively, and an adapted version of the noisy power
method [Hardt and Price, 2014].

Given a stream of matrices { A; } and a clipping threshold 3, chose n according to the input distribution,
DP-Gauss-1 first rescales each matrix so that its trace is at most 32

Ai = Ai . mln{l,ﬁ2/Tr(Az)}

It then forms the clipped sum X =), A; and applies the Gaussian mechanism,

X' =X+E,
where E is symmetric and its upper-triangular entries, including the diagonal, are sampled indepen-
dently from N (0, A?L,;), with

B%y/210g(1.25/9)

Ay =
€

The algorithm finally computes an eigendecomposition of X’ and releases its top k eigenvectors.

The second variant, DP-Gauss-2, uses the same clipping and summation steps to obtain X. It then
computes the top k eigenvectors Vi, of X, and privatizes the eigengap by setting

Gk = A — A1+ 2, z ~ Lap(2/e).
Next, it applies the Gaussian mechanism to Vj:
W=V, +E,

where I is symmetric with independent upper-triangular entries, including the diagonal, sampled

from NV (0, A31,), and
82 (1+ /210g(1/3) /2 )

gk — 2 (1 + log(1/6)/e)|
Since the added noise may destroy orthogonality, we perform a final eigendecomposition of W and
release the resulting top k eigenvectors. If g, < 0, the procedure is not differentially private, even
though it follows Algorithm 2 of Dwork et al. [2014]. A fully compliant version, also described in

2
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—@— Adaptive Private Oja —®— k-DP-PCA  —@— k-DP-Ojas —@— DP-Gauss-2 —®— DP-Gauss-1 —@— DP-Power-Method

d=200, k=2 d=200, k=5 d=200, k=10

/
/
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Figure 3: Comparison of ADADPO with baselines for varying k and d on the spiked covariance model. We
plot the mean over 10 trials, with the bars representing the standard deviation.

that work, would use the PTR mechanism, but this incurs additional privacy loss. For simplicity and
to make the implementation more flexible, we instead resample the noise whenever g < 0.Finally,
DP-Power-Method clips the matrices using both the square root of the trace and the trace of the
square root of the diagonal. In the rank-one case A = aa', with a € R?, these correspond
respectively to clipping ||a||2 < 8 and ||al|; < «, where 3 is chosen as in the DP-Gauss baselines.
The algorithm then sums the clipped matrices and runs the noisy power method, using the version
described in Nicolas et al. [2024]. The Gaussian noise added at each power-iteration is scaled by an
additional factor of Sa.

k-DP-PCA and k-DP-0jas are developed for stochastic data, and therefore need no adaptation.
However, they both require a learning rate schedule and k-DP-PCA requires a batch size. We discuss
the hyperparameter tuning for this together with the hyperparameter tuning done for ADADPO.

F.1 Data Generation

We generate synthetic data from a spiked covariance model. Each matrix A4; € R4*? contains a
deterministic rank-k signal component together with a random noise component that makes the
sample full rank. For k = 1, we draw

T = 8; + ny,

where
s; ~ Unif{A\jv, —\jv},

v € R%is a unit vector, \; € R is a signal-strength parameter, and

ng ~ N(O, O'QId).
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We then set A; = x;z, . The quantities A\; and o are supplied as inputs to the sampler, while v is
obtained by sampling a standard Gaussian vector in R? and normalizing it.

For k > 1, we use a different construction. We first sample a matrix V € R?** with i.i.d. standard
Gaussian entries and orthonormalize its columns via Gram—Schmidt, obtaining V}, € R4%% We then
define
A, = VkAV,;r + ziz;r,
where
zi ~ N(0,0°1y),

and A € R***¥ is diagonal with user-specified eigenvalues. This k& > 1 construction is not a direct
generalization of the k¥ = 1 sampling scheme. Indeed, independently drawing k vectors as in the
rank-one case and summing their outer products would produce a mixture of Gaussians rather than a
single spiked covariance model. We therefore fix the signal subspace and impose the rank-k structure
deterministically through VkAVkT.

For DP-Gauss-1 and DP-Gauss-2, we set

B=Cy/\ +av/dlog(n/C),

where n is the sample size and 1 — ( is the target probability that no clipping occurs. Throughout
all experiments, we use ¢ = 0.01 for every method, including our algorithms MODIFIEDDP-PCA
and k-DP-Qjas, as well as the two Gaussian baselines. ADADPO, k-DP-PCA and k-DP-Ojas require
the parameters K and a from Assumption A. For the synthetic model above, one has a = 1 and
K = 0O(1), so we take ¢ = 1 and K = 1 in all experiments.

F.2 Hyperparameter Tuning

General protocol. Hyperparameters are tuned by running each candidate configuration across the
full sweep grid, averaging the target subspace error over all settings and trials, and selecting the
configuration with minimum mean error. Exact ties are broken uniformly at random.

Learning-rate schedules. Let 7" denote the number of update steps, let n denote the total sample
size, let A; denote the leading population eigenvalue used by the implementation, and let

Al = 5\1 —5\2

denote the leading eigengap. The learning-rate candidates used in the experiments are as follows.

1. For an offset ¢ > 0, a cutoff fraction p € (0, 1], and an extra decay power p > 0, define

T:=[pT].
The schedule is
= forl1 <t<
Tt t Ye orlLsit=sr,
and
1 (T + c)p
N = fort > .
t+c\t+c
The two step-decay candidates used in the experiments are (p = 1, p = 1) and (p = 1,
p=2).
2. lambdal_spiked.
1
e = = 5 = 1, N 7CZ-'.
200 A + Ayt/logn
3. 1
e t= 1, NN 7T,

N 200 A\ sq 4+ Ay t/logn’
where s is a dimension factor. In the spiked-data implementation, sy = d is replaced by

the ambient eigenvalue-array length; in the restrained-Gaussian implementation, sq = d
exactly.
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Component-wise k-DP-PCA schedules. For k-DP-PCA, the implementation maintains a separate
schedule for each deflation step j = 1,..., k. Let

A]‘ = )‘j — )‘j+1a
the component-wise learning rate is

1

() _
bj +Aj t/logn’

un

where _ ~
bj € {200’)\j,200>\j d}

Adaptive Private Oja tuning. ADADPO is tuned over:
* batch rules B € {\/n,n/logn} projected to an even batch size and then increased if
necessary to satisfy the range-estimation feasibility condition;

* learning-rate offset 10.0;
* learning-rate families as described above

k-DP-PCA tuning. k-DP-PCA is tuned independently over:
* batch rules B € {y/n/k,n/(logn - k)} together with an internal feasibility correction
enforcing the truncation/range requirements of the implementation;
* the same learning-rate family set as Adaptive Private Oja.

The final sweep plots use the best Adaptive Private Oja configuration and best k-DP-PCA configura-
tion selected independently in this way.

k-DP-Ojas tuning. For k-DP-Ojas, we found empirically that a simple decreasing schedule, inde-
pendent of the eigenvalues, works well, and therefore set

1 .

for all k iterations of k-DP-Ojas.

Finetuning in Tangent Space The hybrid method uses ADADPO for the warm start and then
runs TADADPO on the remaining matrices. The two methods are both finetuned with the options
described above, and allowed to have different batch sizes and learning-rates

F.3 Error Metric

All reported curves use the projection Frobenius error
ITU" =iV |,

where U is the estimated k-dimensional subspace and V} is the true population top-k eigenspace.

G Finite support Phase I result for non identical distributions

Let ¥ > 0 have eigenvalues
M2>2A2>-2>X20

with corresponding orthonormal eigenvectors vy, . . ., vq. Fix k € [d — 1] and write
Pk = A — )\Ichl > 0.

Let
V=l - g, U:=[vpq1 - 4.

For a matrix X € R4*4_ define

X = s PTX]|,.
XM 2,1 Pbe‘éld)kH HF
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Assumption C ((Z, {\;}"_, , M)-predictable Oja model). Let Zy € R** be the initialization
matrix and let (Fy)>o be a filtration such that

Zo € Fy.
The matrices C4, . .., Cr, € R¥? are symmetric and satisfy the following conditions.
C.1 Cy is Fy-measurable and E[Cy | Fy—1] = 2 for everyt < Ty. The matrix ¥ = 0 has

eigenvalues \y > -+ > A\q > 0, corresponding eigenvectors v, . ..,vq, and eigengap pr =
A — )\k+1 > 0.

C.2 The centered updates are uniformly bounded in the (2,k)-norm: ||Cy =X, =

SUPpes, HPT(C} — E)HF <M a.s. forevery t < Tj.

Definition 5 (Oja iterates). Given an initial matrix Qg € R%** with orthonormal columns, define
Qt = QR (Qt—1 + mCi Q1) t=1,...,To.

Equivalently, if
t

Zy = [T+ n:Cs)Qu,

s=1

then @), is an orthonormal basis for the column span of Z;. Whenever V' T Z, is invertible, define
W, :=U"Z,(V"Z,)™ L.

Remark. For stopped estimates below, we use the following convention. On the event where V' T Z; is
not invertible, 1/, may be defined arbitrarily. All quantities involving ¥ in the analysis are multiplied
by 1, or 1,_1, and the small-step/good-event conditions below ensure that VT Z, is invertible on the
relevant stopped events.

For the Phase I analysis below, we take a constant step size
N =n fort=1,...,Tp.
Let v > 0 be the good-event threshold. For a random matrix X, define
1/p
x|, == (Etr((XTX)P/Q)) .
Assume that there is a deterministic finite set A, € R%*? such that
C; e A, a.s. forevery t < Tj.

Define
E={M " A-X)UU" :Ac A,}.

Here M is the scalar boundedness constant from Assumption Assumption C.2.

For r, ¢ > 1, define
Erp = {VTF1 .- F.U : F; € & for at most £ distinct indices i € [r], and F; = (1 + 7Apy1) 1 (I +nX)UU " otherwise} )

Define the good events G; recursively by
-
Gy = Gy 10{%13§HV UWtHQ_’V}, t>1,

with G the corresponding initialization good event, and write
]-t = 1G .
For the Phase I analysis, fix a good-event threshold v > 2 and a constant step size > 0.

This is the analogue of the construction in [Huang et al., 2021, Section 5]. In that paper the population
matrix is denoted by M = E[A,], while the scalar M denotes the boundedness constant. In the
present notation the population matrix is 3, and M remains the scalar boundedness constant. Thus the
normalized fluctuation M~ (A, —M)UU " in Huang et al. [2021] is replaced by M ~(C, —S)UU T
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Lemma 20 (Stopped well-definedness of W;). Assume the Phase I small-step conditions
1 1
e=2MA+y) <5, ¥l < 5
Then, for each 1 <t < Ty, Wil,_1 is well-defined. Equivalently, VT Z, is invertible on G;_1.

Proof. The claim holds at ¢ = 0 because V' | Z is a square Gaussian matrix and is invertible almost
surely. Suppose inductively that VT Z,_4 is invertible on G¢_1. On G;_1, define

A=V (G = E)Z 1 (VT +772)Zt*1)71'

As in the one-step analysis of Huang et al. [2021], the good-event condition and the deterministic
(2, k)-norm bound imply

[Adiaf<e<

N =

Moreover,
VII+092)Z 1 = (T +nAv)V' Z 4,

where Ay = diag(\1,..., ). Since ¥ = 0, the matrix I + nAy is invertible. Hence V' (I +
NX)Zs_1 is invertible on Gy_;.

Finally,
VT2 =V +0C) 21 = (I +A)VT (I +1%)Zp-1.

Since ||A¢|| < 1/20n Gy_1, I + A is invertible there. Thus V' " Z; is invertible on G;_ 1, completing
the induction. O

Note the main recursive bound of [Huang et al., 2021] applies verbatim to the present predictable set-
ting: its proof uses only the conditional centering of the first-order fluctuation term, the deterministic
(2, k)-norm bound, and the good-event condition (2.4). In our notation, E[Cy; — X | F;_1] = 0, and
the Phase I good events ensure

||VT(Cf — Z)UWt_l]_t_ng S M’}/ a.s.

Thus, with constant step size, the hypotheses of Theorem 3.1 are satisfied under the stated small-step
assumptions.

Theorem 10 (Predictable version of Huang et al. Theorem 3.1). Lett > 1. For 1 < ¢ < t, define

t
E; = 2771M(1 + ’7), St = Z’fh
i=1

Let Gy 2 Gy D -+ - D Gy be good events with indicators

17; = ]‘Gi'
Assume that for every 1 < i <,
1 1 €;
< ISz < =, “miee/d < 20 6
f<z mlTle<y i< St ©)
where the last condition is vacuous when i = 1.
Assume also that, for every 1 < i <,
IVT(C; =) UW;q1i]la < My as.
Then, for every p > 2,
IWiLe2, < IWeliall2,
t—1
< e Stpr ||W010||12,,p + Cype? Z ||W,;11'||12)7p + Copk?/Pe2t, (7)
i=0

where C1 = 21 and Cy = 5.
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Moreover, if in addition

p&‘? < % forevery1l <1 <t, 3
then
W2, < Wil a2,

< e_Stpk/QHWOlO”ZQ,,p + C2pk2/p€§t_ 9)
Lemma 21 (Gaussian initialization for predictable Phase I). Let Zy € RY** have i.i.d. N(0,1)

entries and set
Q() = QR(Zo)

Let S be a sigma-field independent of Zy. Suppose that, conditional on S, the set A, C R¥* js
finite and satisfies
A < m.

Let
Wo:=U"Qo(V' Qo)™ "

Equivalently, almost surely,
Wo=U"Zo(V'Zy)™ "
Define
a)/. it — ’Y
mnil \/ie 9

and let

1<r(<To+1 E€E, ¢

Gy = { max  max |[|[EWyl|lr < \/E’yinit} N {||W0HF < \/a'y}
There is a universal constant C., > 0 such that, for every dinis € (0,1), if

emT|
klog (Tmo ) d
5init ’ 52 ’

init

v > C, min

then
P(G(CJ | S) S 6init a.s.
Consequently,
P(G§) < dinit-

Proof. Condition on S. Then the set A,, and hence all product classes &, ¢, are deterministic. Since
Z has i.i.d. Gaussian entries and [V U] is orthogonal,

X =V '"Z, e RF*F, Y :=U"Z, € RU4-F)*xk
are independent standard Gaussian matrices. Moreover X is invertible almost surely and
Wo=YX"

For E € &4, the Phase I construction gives ||[E||p < 1. Also, |£,,| < ((m + 1)(Ty + 1))Z.

Conditioning further on X, the matrix X —1 is deterministic, and Y remains a standard Gaussian
matrix independent of X. For each fixed £ € &, ¢, we apply Lemma 7 with

A=E, Z =Y, B=X"1
Since the Phase I product-class construction gives || E'|| < 1, conditionally on X,

P(|EYXYr > X r(l+s)| X) <e™/2

s =4/80log (emTO >
6init
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and using 1 + s < 2s, followed by a union bound over E € &, 4, gives

EY X T
max [EWollr = max [EYX™Hr < 21X r 8£1og(em 0>~
Betre E€€,.

5init

Taking a union bound over 1 < r, ¢ < Ty + 1, this bound holds simultaneously for all r, ¢ with
probability at least 1 — dinit /3.

By the standard smallest-singular-value bound for a k£ x k Gaussian matrix,

_ 18vVk
IX~Hlp < — "
with probability at least 1 — dini /3. Therefore, with probability at least 1 — 20,3t /3,
kl1 To/6ini
max  max |[|[EWyl|lr < 36\/ og(egz o/ t).
1<rf<To+1 E€E, 4 07
Thus the first defining inequality of G holds whenever
vz C \/k log(emTp/binit) .
dinit
The same high-probability bounds on Y and X ~! also give
_ _ vk
IWolle = 1Y X7l < Y [lopll X r < CVAd -

Increasing C., if necessary, the condition
1 T ini
~v>C \/k og(emTp/dinit)

init

therefore implies

Wollr < V.
The preceding argument shows that G holds with probability at least 1 — dyy;¢ if
~ > C’.Y \/k' 1Og(6mT0/§init)

Jinit ’
On the other hand, the crude bound

[Wollr < Cd/63,
holds with probability at least 1 — ;3. Increasing C., by an absolute factor if necessary, the condition

v2>2Cym—
’Y(siznit
implies
Od/§2., < iz = L
/ init = “Yinit \/56'

Hence, on this event,
IWollF < Yinis-
Since ||E|lop < ||E||r < 1forevery E € &, 4, it follows that, for every 1 < r, ¢ < Ty + 1,
IEWollr < [[Wollr < Yinit < VE Yinit-
Moreover,
Wollp < Yinit < V.
Thus G also holds with probability at least 1 — dypj¢, if

d
v = Cyg-
Thus G holds whenever
k1 To/6ini d
Y Z C’Y min \/ Og(em 0/ t) y 9 .
dinit 6init
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Proposition 1 (Predictable one-step product estimate, D.1 analogue of Huang et al. [2021]). Let

t > 1. Throughout this proposition, (F;)i>o is the filtration from Assumption C. In particular,
Zo € Fo, Cy € Fi, and
E[C; — X | Fi—1] =0.

Assume that Gy_1 € Fi_1, and write 1,_1 := 1¢,_, and that the good-event condition
IVT(C, —S)UW,_11,1|| < My as.

holds. Letp > 2, r,0 > 1, and fix E € &, . Since A, is deterministic, the product class &, ¢ is
deterministic. Thus E is deterministic, and in particular E is F;_1-measurable.

Define
Hy = UT(I+02) 2y (VT (T +02) Zo)
A=V (Cr = D) Zuy (VT +08)Zos) ",

and
Api=qUT(Co = )2 (VT T+ 1) Zi1)

Lete :=2nM(1+v)and E; := 1 + 2maxgrcg |E"Wi—114—1]|pp- Then

1AL <e a.s.,

r+1x+1|

and
EW,(I — A?) = EH; + EJyy + EJy 2,
where N N
Jiq = A — HiAy, Ji2 = =D Ay.
Moreover,
|EJi11i-1|lpp < Ere,
Bt 211 ]pp < Eie?,
and

]E[EJt’l].tfl ‘ ]:tfl] == 0

Proof. The algebraic identity is the same as Lemma 2.7 of Huang et al. [2021], with A; — M replaced
by C; — 3. Indeed,

VIZy =V (I+nC)Zi—1 =T+ A)V (I +05)Z1,
and expanding U " Z,(V' " Z,) "1 (I — A?) gives
Wil — A?) = Hy + Ay — Hi Ay — AyA,.
Multiplying by E gives the displayed decomposition.
The bound on A;1;_; follows as in Huang et al.: using the small-step assumption for I + 13,
1AL <20 ||[VT(C =) UUT +VV ) Z (VT Zim) ' ||

< 2|V (Co = DUWimilea || + 20|V (C = £)V|

<2M(vy+1) =e.
Here the final term uses the deterministic (2, k)-norm bound.

The bounds on EJ; 11,1 and EJ; 21;_1 follow from the same product-class bookkeeping as in
Huang et al. [2021]: the matrices generated by

EUT(I4+92)U and EU'(C, —X)UU'

belong respectively to the enlarged classes £,41 ¢ and £,41 ¢41, after the normalizations appearing

in the definition of the product class. Therefore the corresponding terms are controlled by Ec and
Et e 2 .

We first record the relevant measurability. Since Zy € Fj and Cs € F; for s < t — 1, the iterate
Zy—1 1s Fy—1-measurable. Consequently, under the stopped convention for inverses, W;_1 and H,
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are F;_1-measurable. Moreover, the good events are adapted: G; € JF; for each j, by induction from
their recursive definition. Hence 1;_; is JF;_1-measurable. It remains to check centering. The matrix

FE is deterministic, hence F;_1-measurable. Moreover, A; and ﬁt are linear in C; — X, with all other
factors JF;_1-measurable. Hence
]E[At]-t—l | ]:t—l] — O, ]E[At]-t—l | ]:t—l] — 0

Since F and H; are F;_1-measurable,

E[EJi11i 1 | Fia] = EE[A L, 1 | o] = EH E[A Ly | Fia]
= 0.
O
Proposition 2 (Predictable one-step Phase I recursion; adapted from Proposition D.2 of Huang
et al. [2021]). Let C4, ..., Cr, satisfy Assumption C. Assume that there is a deterministic finite set

A, C R4 sych that
Cie A, a.s. foreveryt < Ty.

Letp > 2, let v, { > 1, and define
g:=2nM(1 +7).

If
1
€ S 5;
then, for everyt < Ty,
EWil,|?. <K E'W,_11, 4|
Josx. IEW: 1], < L pmax [EWi—11i-al,,

K E'W, 14> +K
* 2E“€I?jf,e+1 ” =1 1||p,p+ >

where 5
= L+ 1Akt
K= (145 ——==

! ( +oe ) < 149X

and o
Ky := (1 + 5¢%)8pe>.

Proof of Proposition 2. Apply Proposition 1. Since ||A;1; 1]| < e < 1/2, the matrix [ — A? is
invertible on G;_1, and
1

I = A L <

Therefore

(I =A™ L < S <1456

1
(1-¢?)
Thus the passage from EW; (I — A?) to EW, contributes the common factor 1 + 52 in the squared
norm recursion, which is absorbed into K; and K. For each fixed E € &, 4, use the matrix
smoothness inequality with

X =FHi1; 4, Y =FEJ11; 1, Z =EJi21; 1.
The preceding proposition gives
ElY | Fi—1] =0,
and the required L,-bounds on Y and Z. The deterministic term satisfies
1+ 9kt ) :

max HEIWt—llt—lnfw'

1+ n)\k E'€&ri1e

Taking the maximum over the finite class &, ¢ gives the claimed recursion. O

nEmhAﬁms(

Remark. The matrices E, E’, E" are deterministic matrices ranging over the finite product classes
Er oy Erg1,0, and E,41 o141, respectively. They are dummy variables inside the displayed maxima and
are not random variables.
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Theorem 11 (Iteration of the predictable Phase I recursion, analogue of Thoerem D.3 in [Huang
et al., 2021]). Assume the hypotheses of Proposition 2. Let ¢ := 2nM (1 + ), and suppose that, for
some p > 2,

1 1 NPk
<= 2, < = 22 > 2. 10
6_27 7]” ||2—2? p€ _507 PY_ ( )
Set
Yinit ‘= L
mi \/ﬁe

Assume that the initial good event Gy is chosen so that, on Gy,

EW, < VL Yinit - 11
1§r{?§’¥0+1 EHEI%?_([ H O”F > \['let ( )

Then, forevery 1 <t <Tyandeveryl <r {<Ty—1t+1,

2 < éfyiznite_t"pk/z + 6py2e?t.

EW, 1|2 < EW,1,_
e [EW: tII,,,p_EHelgf[ [EWiLlia][,, <

Proof. Since Gy C Gy_1, we have 1; < 1;_1. Therefore

2 2
o [IEWeel, , < pnax |EWilially, -

It remains to prove the second inequality.

Let )
At = Anax [EW:Lel,,
and )
By = EW:1,_ .
by i AX IEW:Lially,,
By Proposition 2,
Bire < KiAi 1410+ KoAr 1 rp1041 + Ko, (12)
where )
— 1+ 1A
K, = (1+45e%) [ — 22
1= (1+5¢%) ( T
and

Ko = (14 5¢%)8pe.

We first record two elementary consequences of (10). Since pr, = A\, — Apy1 and 7 |||, < 1/2,

1+ nAky1 Pk 1727”%
L+ 1Ak L+nie — 30

Writing = := npy, we have 0 < x < 1/2. Also pe? < x/50, and since p > 2, €2 < 2/100. Hence

141\ 2
<+77 k+1> + 8pe?

< e ®/2 = gmMPK/2,
1+ -

Fl —|—F2 = (1 +552)

Indeed, the preceding display follows from the estimates

2
<1 — 2;) < e de/3, 8pe? < g—z, 1+ 52 < /%0,

together with the elementary inequality

4z 1
/20 —4x/3 < o T/2 <r< =,
e (e +25>e , 07x72
Moreover, since ¢ < 1/2,
Ky = (1+5¢2)8pe? < 18pe. (13)
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We now prove by induction on ¢ that, forall 1 <r ¢ < Ty —t+ 1,

2
Ap g < Big < 2P/ 4 % Kt (14)

The first inequality in (14) follows from 1; < 1;_1, so it suffices to prove the bound for B; . .
Consider first ¢ = 1. By (12) and the initial condition (11),

B,y <K E'Wolo|? +K E"Wolo|? + K
e <Ky max [E"Wolol|,, + Ko pdpax IE"Wolol,, + K2

< K1 Oy + Ko (0+ 1) + Ko

< yinie (K1 + K2) + (1 + 95 Ko

Since L
Ky + Ky <emmr/2

and v > 2 implies
2 v
Lty =1+ 55 <

[\

~2
3 b
we obtain
2
BLM S g’y?niteinpk/z + %FQ
Thus (14) holds for ¢t = 1.

Now assume (14) holds at time t—1. Let 1 < r, ¢ < Ty—t+1. Then1 < r+1,¢+1 < To—(t—1)+1,
so the induction hypothesis applies to the two terms on the right-hand side of (12). Hence

2
Biye <K [mﬁmte—@—l)’ww? + L Es(t- 1)]

2
+ Ko [(f + D)y CTDoR/2 4 %K2(t - 1)} + Ko

< K’Yiznit(Fl + FQ)Q_(t_l)m)k/Q + ,yiQnit?2e—(t—1)npk/2
2
+ TRt = )(E + o) + Ko
Using
Fl +F2 < 6777;7;6/2 <1,

we get
2

Btﬂ"l S ér}/izniteitnpk/z + ’YiQnitFQ + %?2 (t - 1) + F?

¥V’
< g’Y?niteimpk/Q + §K2t-

The last inequality again uses 1 + +2;, < 2/3. This proves (14) for time .

Finally, applying (13) gives
2
%Fﬁ < 6pry2et.

Therefore

By < e "2 + 6pyeit,
and the theorem follows. O
Proposition 3 (Predictable Phase I moment estimates, analgoue of D.4 in Huang et al. [2021]).
Assume that C1, . .., Cr, satisfy Assumption C. Assume further that there exists a deterministic finite

set A, C R4 gych that
C; € A, a.s. for every t < Ty,

and set m,, := | A,|. Define

E={M ' A-S)UU" : A€ A,}.
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Let
g:=2nM(1+ 7).
For § € (0,1), define

6k 12T5(my + 1)
po:=|log—1|, = p1:=|log———1,
and p, := max{po, p1 }. Assume that the parameters satisfy
1 1 NPk
<= ., < = el < £ > 2.
e<y  nlElsg pet S v =
and
6p.eTy < —.
PxE Lo = 2¢2
Let Zy € RY™* have i.i.d. N(0,1) entries, (independent of C1, .. .,Cr,) and set Qg := QR(Zy).
Define G as in Lemma 21 with m = m, Oinit = %. Assume that
klog(Bett) g
> C., mi
7= by 5/12 ' (6/12)2
Then 5
P(Gj) < —.
(GF) < 55
Assume also that
d,-YQe—TOWPk/2 < L;ﬁ/po_
— 2e2
Then
—171
HWT(J]‘T0||1)O7PO <e 'k /p07
and
max maxHVTFUlej_lH < l.
1<j<To FEE PP — ¢

Proof. We first prove the terminal bound for Wy, . The Phase I good events ensure the good-event
condition required by Theorem 10; indeed, for each 1 < ¢ < Tj, if

Fi:=MYC; —2)UUT,
then F; € £ almost surely, and on G;_1,
IVTEUW; 12 <.

Therefore
[VT(Ci = ) UW;_11;1]la < My as.

Since the step size is constant, ¢; = € and s7, = Tpn. The hypotheses

1 1 NPk
< = Sy < = 2 < R
e<s lSl<y  pets

therefore imply the hypotheses of Theorem 10 with p = py. Hence

W, 114 |2 0 < Wy L1l 0 < €0 2[Wololl3, y + Bpok™/ 70Ty,

By the definition of Gy,
[Wolol? < dy*.

Since the Schatten pp-norm is bounded by the Frobenius norm for pg > 2,
IWololl2, o < dv>.
Therefore, by the assumed Phase I length condition,

d,er—TOWPk/Q < %}ﬁ/po7
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we have
_TOTlpk/QHWO]-OHpD,pO < 5 2]41-2/170

Moreover, since pg < p,, the parameter condition
2q, < L
Op.e”Tp < 202
implies
5pok?/ 70Ty < 6p. k70T < 2%/.{2/1’0.
e

Combining the two preceding displays gives

HWT(J 1To ||?)0,p0 < 872k2/p0 .
Equivalently,

HWT(J 1To ”1)07130 < eilkl/po'

We now prove the good-event moment bound. Fix 1 < j < Ty and F' € £. By definition of the
product class,

VTFU € & ;.
By the definition of Gy, on Gy, for every £ € & 1,
.
V2e

Thus, since the Schatten p;-norm is bounded by the Frobenius norm,

IEWs||Fp < Yinit =

,YZ

Emax HEwolothpl < 5
Therefore the initialization condition required by Theorem 11 is satisfied for r = 1, ¢ = 1, and
p = p1. Applying Theorem 11 with these choices gives

2
Y
pP1,p1 — 2

VT FUW,1,_42 e T2 4 6pio2e?.

Since e~71°+/2 <1, p; < p,,and j < Ty,

72

P1p1—22

[VTFUW,;1;_4 ] + 6py2e? .

Using the parameter condition

1
6])*8 TO = 9¢ 5.2
we obtain
2_2 o8
6P« Ty < —.
P+ o = 555
Hence
T ol
V' FUW,;1;_ 1||p1 o < o
Taking square roots and then maximizing over 1 < j < T and F' € £ proves
max max ||V FUW;1;_|| <7
1<j<Ty FEE g=lipepr =
O
Theorem 12 (Finite-support predictable Phase I theorem, D.5 analogue). Assume that C1,...,Cr,

satisfy Assumption C. Assume further that there exists a deterministic finite set A, C R such that

Cy e A, a.s. for every t < T,
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and set my, = |A,|. Assume that m, < Tg’. Let Zy € Rk have i.i.d. N(0,1) entries, independent
of C1,...,Cr,, and set Qo := QR(Zy). Let Q; be the Oja iterates from Definition 5 with constant
Phase I step size ny = 1. Let

6k 12T5(my + 1
P 1= ’Vlog 5“ , P o= [log 0(5*)—‘ , Py := max{po, p1}.
Choose
) 144C.d
~ := max-< e, 52 .
Let

2 2d 2
L, := max{l, log (;2/;:)}

Fix a universal constant C,, > 2, and set

7= 7077[/7.

PeTo

Then for
T, > max 4C, L, M(1 + ’Y)’ 20y Ly ||EH27
Pk Pk
200C,p, Ly M2(1 4+ ~)? 48e2C2p, v M?(1++)2L2
pi ’ pikQ/pO ’

we have

2 (07 Q@ (V@) | > 1) <

Wl >

Proof. First,

20, L. M(1+~v) 1
e=29M(1+~)= T <~
nM(1+ ) pT <3
by the first lower bound on Tj. Similarly,
CpL, || 1
nIsll, = == <
PrLo

by the second lower bound on 7.

Next,
pee® = dp P’ M?(1 + 7)?

_ Ap CRLEMP(1 + 7)?
1 '

The desired inequality
2 NPk
P =50

is equivalent to

o 200C,p, Ly M?(1 +7)°

Th
i

3

which is exactly the third lower bound on 7j.
For the accumulated-error condition, we compute
6psy2e2 Ty = 24p, 0 M2 (1 +~)*Ty
_ 24pAPCRL2ZMP(147)?
a piTo '

Thus 1
6py2e’Ty < = k?/Po
2¢2
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follows from the fourth lower bound on 7Tj.

Moreover, since

Po = [bg eﬂ > log k,

we have
k2/Po < 2,
Because v > e, this implies
k2/170 < ,72'
Therefore the preceding bound also yields
2
6p.e”Ty < 22"

It remains to check the Gaussian initialization requirements. By the assumed choice of ~, with

)
Oinit = 12’ m = My,
Lemma 21 gives
)
P(Gg) < —.
(G5) < 35

Finally, the contraction condition for the random initialization follows from the definition of L.
Indeed,
Tonpr = CnL'y»
and since C}, > 2,
e—Tonpk/Q — e—C,,L,Y/Q < e_LW.

Since

2e2dy?
L'Y Z 1Og( k2/p0 ) ’

we get
1
dr2e~Tonee/2 < qa2e— Ly < k2/Po
e =47 ~ 2¢2
Thus all hypotheses of Proposition 3 hold.

By Definition 5,
To

Zr, = [T +nCs)Qo
s=1
and @)1, is an orthonormal basis for the column span of Z7,. Hence there exists an invertible k£ x k
matrix R, such that
Zr, = Qr,Rr,.
On G, Lemma 20 implies that VT Z7, is invertible. Therefore, on G'z,,
W, =U" Zp, (V' Zg,) "
-1
=U"Qn R, (V' Qr,Rr,)
= UTQTO (VTQTO )71‘
Consequently,

P(|UTQn,(VTQp) || > 1) S P(|[Wr gl > 1) + P(GF,).

— [los 6
po = 0g5 .

By Markov’s inequality and the definition of |||

Let

p,p’

IP>(||I/VT01T0|| > 1) < ||WT01T0|p0

Po,Po °
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By Proposition 3,

HWTO 1T0 ||p07p0 S e_lkl/po *
Therefore

0
P(|Wr,1p,| > 1) < e Pk < .

It remains to control P(G7,). Since the good events are decreasing,

To
G5, CGiUJ (G5nG;-).
j=1
Hence
To
P(GF,) < P(GS) + Y P(GSNGjq).
j=1
By Proposition 3,
0
C < —
P(GS) < o5

Now fix j € {1,...,T0}. On G_1, the event G means that there exists I’ € £ such that
|VTFUW;|| > ~.
Equivalently,
|[VTFUW;1;-4| > 7.
Therefore, by a union bound over F' € &,
P(G5NG1) < Y P([VTFUW;1, 4] > 7).
Fe&
Let
’V 12T0(m* + 1)-‘
p1 := |log — s |-
For each fixed F' € £, Markov’s inequality gives
P([[VTFUW;1, 4| > ) <y77 |[VIFUW;1;||

P1

p1,p1
By Proposition 3,
T q. b
HV FUWJlJ*le,m < e’
Hence
P(|[VIFUW;1; 4] >7) <e P
Therefore
P(G5NGj1) < [EleP.
Since
€] < AL =m.,
we get
To
D> P(G5NG ) < Tomee ™
j=1
By the definition of p,
Y J
e "M —
— 12To(my + 1)
Thus 5
Tom*efpl S ﬁ
Consequently,
) 1) 1)
P(GT )< —+ — = -.
(G7,) < 271276
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Combining the two estimates,

P([[Wr, || > 1) <

D >

L0
6 3

Since
Wr, =U"Qrn,(V'Qz,) ™",
the claim follows. O

H Lifting from finite support to bounded predictable distributions

‘We now remove the finite-support restriction. Throughout this section, C, . . ., Cr, satisfy Assump-
tion C, but are not assumed to have finite support. For ¢t < Ty, let

Ki(w,") = L(Cy | Fr-1)(w)

be a regular conditional law of C given the past. Thus, almost surely,
/C’Kt(w,dC’) =X

and

K, ({c: IC 2o < M}) -1

The argument below reduces the general bounded predictable case to the finite-support case. The
only finite-support input used is Theorem 12, applied uniformly over deterministic finite supports of
size at most Ty(L + 1).

Lemma 22 (Matrix Bernstein input). Let X1, ..., X € R¥? be independent, mean-zero, self-
adjoint matrices. Suppose
I Xell2 < R a.s.

and
L

> E[X]

=1

< a2.

2

s2/2
P > < 2d —_ .
( 2_S> - eXp< 02+Rs/3)

Lemma 23 (Conditional empirical-mean bound). Let K be a probability measure on symmetric
d x d matrices such that

Then, for every s > 0,
L

>

=1

/CK(dC) =%
and
1C =2 <M K-a.s.
Let

~

L
~ i, ~ 1 ~
Cl,...,CL "\-(/iK, ELI: Z 0
Then, for every u > 0,
a Lu?/2
B (|8~ 5], 2 ) < 2desp (22 ).
e P e S W VER VW
Consequently, if 0 < a < 1/2,0 < < 1, and
2d

k
L> Coﬁ log B

for a sufficiently large universal constant Cy, then

P (HEL _ 2H2 > (1_0‘14)\@) < 8.
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Proof. Set
X 0= Cg - .
Then X, ..., X are independent, mean-zero, self-adjoint matrices. Moreover,

[ Xelly < 11 Xell g0y < M-

Hence
L

> E[X]]

{=1

X2 < M?I, and < LM?.

2

Applying Lemma 22 to Zle X, gives

Lu?/2
P >0 <2 L
( 2_u> - dexp( M2+Mu/3)

This is the first claim. Substituting
aM

(1—a)Vk

and using o < 1/2, the second claim follows after increasing C.

1 L
72X

=1

Lemma 24 (Mean-preserving finite-support replacement). Let

~

Ci,....CpL

be symmetric matrices satisfying

Hég — ZH <M forevery ! < L.
(2,k)

Let

(=1
Fix 0 < a < 1/2, and assume
23], < 7207
27 (1-a)Vk
Define
CO =X~ a (EL—Z)
and
1
f._ . _ )= ~
Kf:=ads + (1 O‘)LZ5@~
=1
Then
/cf(ﬂ(dc*):z,
and

IC=Sllgpy <M Kas.

Moreover, K* has support of cardinality at most L + 1.
Proof. The mean identity is immediate:
/cf(ﬁ(dC) =aCo+(1- )3y

—aX—(1-a)EL-%)+(1-a)%,
E
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The original atoms satisfy the required (2, k)-bound by assumption. For the correction atom,

. 1—al~
|60 =2, = =22~ =]
(2,k) « (2,k)
1— ~
<k,
« 2
<M.
Thus every atom of K is M-bounded in the (2, k)-norm. O

Lemma 25 (Sequential coupling bound). Let P and P* be the path laws of two predictable processes
on Ty steps. Suppose that, at every time t, whenever the two histories agree up to time t — 1, the two
one-step transition laws can be coupled so that the two next updates disagree with probability at most
a. Then

drv(P,P*) < Tha.

Consequently, for every measurable event A depending on the update path,
P(A) < PY(A) + Tha.

Proof. Construct the two processes recursively. As long as the two histories agree, use the assumed
one-step coupling. Once a disagreement occurs, continue the two processes arbitrarily. By a union
bound, the probability that the two paths ever disagree is at most Tp«. Total variation distance is
bounded by the probability of disagreement under any coupling, which proves the claim. O

Proposition 4 (Finite-support reduction for predictable kernels). Let C1, ..., Cr, satisfy Assump-
tion C, without assuming finite support. Let QQ; be the Oja iterates from Definition 5 with constant
Phase I step sizen; = 1. Let §,& € (0,1). Set

_ ¢ _ ¢
o= b= —=.
4Ty 4Ty
Let L be an integer satisfying
kTE dT
LZCOTflogggo, L+1<T3

Assume that the hypotheses of Theorem 12 hold uniformly for every deterministic finite support
A, C R satisfying
|Al < To(L+1)

with the same constants M, n,y,d. Then

P(JUTQn(VTQn) Y >1) < 3 +&

Wl >

Proof. For eacht < Ty, write
Ki(w,) = L(Cy | Fe—1)(w).

Conditionally on the past, draw auxiliary atoms

=~ ii.d.
Ct,h 7CtL ~ Kt(w’ )a
and define
N 1 &
Y= ZZ 4.0
=1
Let

A\

()

P(G; | Fi—1) < B a.s.



Therefore, with

To
g = ﬂ gta
t=1
we have
P <=

On G, define the correction atom

and define
K= adg,  + (1- a)% 26@ ,
By Lemma 24, -
/ljﬁ?@C):
and

IC =S <M Kf-as.
Moreover, K, f has at most L 4 1 atoms.

Define the auxiliary finite-support process by drawing, conditionally on the past and on the auxiliary
atoms,

Ct~K! ongG.
On Gy, draw instead from the empirical kernel

N 1 &
Kt = Z Z(Séw.
/=1

Then set

Qg = QR (Qg—l + WC£Q§—1> .

Now condition on the auxiliary atoms and on G. On this event, define the global auxiliary support

To
A% = | supp(K7).

t=1

Then ‘
|AL| < To(L+1) < T7.
Furthermore,
Cf c At a.s. for every t < Ty,
E[C} | F{ 4]=%
and
H ZH <M a.s.
(2,k)

Therefore Theorem 12 applies to the auxiliary process and gives

P (HUTQﬁTo(VTQﬁTO) H > 1 ‘ auxiliary atoms, g) g

Averaging over the auxiliary atoms and using P(G¢) < £/4, we obtain

S S BV S+

It remains to compare the aux111ary process with the original process. At time ¢, couple one draw
from K, with one draw from K K? as follows. First draw the auxiliary atoms C’t 1y C’t, - Then
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draw J; uniformly from {1,..., L}. After averaging over the atoms, @’ J, has conditional law K.
Use C}, j, as the original update.

For the auxiliary update, use the same atom 6157 J, unless the a-mass correction atom is selected.
Thus, whenever the two histories agree up to time ¢t — 1, the two updates disagree with conditional
probability at most . By Lemma 25,

dTv(P, Pﬁ) S T()O( = %
Consequently,
P(|UTQn (VT Qr) Y| >1) <P (HUTQTO TQﬁTn)_lH > 1) + %
0., &
< - 4> e
- 3 2~ 3 +£
This proves the proposition. O

Lemma 26 (Deterministic tangent-coordinate bound). Let Q € R4** have orthonormal columns. If
VTQ is invertible, then
dist(Q,V) < |[UTQ(VTQ)™,-

Proof. Let
W=U"QV' Q)™
The column space of () is the same as the column space of
QV'TQ) =V +UW.
Therefore the principal-angle tangent matrix is . Since sin § < tan 6 for each principal angle,
dist(Q, V) = [[sin©(Q, V)|l < [[tan ©(Q, V)|[2 = [W][2.
O

Theorem 13 (Phase I for general bounded predictable Oja updates). Let Cy, ..., Cr, satisfy Assump-

tion C, without assuming finite support. Let QQ; be the Oja iterates from Definition 5 with constant
Phase I step size iy = 1. Let 6,& € (0, 1). Suppose there exists an integer L satisfying

kTE 8dT;

L > Co—log =2

3 3

Assume that the hypotheses of Theorem 12 hold uniformly for every deterministic finite support

A, C R satisfying

., L+1<T5.

|-A*| < TO(L + 1)
with the same constants M, n,~,d. Then

Wl >

P(|UTQn(VTQn) Y >1) < : +&

Consequently,
diSt(QTO, V) <1
with probability at least 1 — §/3 — &.

Proof. The probability bound is exactly Proposition 4. The distance statement follows from

Lemma 26. O
Lemma 27 (Bounded-noise private updates satisfy the predictable model). Let Ay, ..., A, € R4x4
be independent, symmetric, and satisfy

E[A;] =%, |A; — ZH(Q,k) < My a.s.

Let T = |n/B], let m = B/2, and define
I, :={B(t—1)+B/2+1,...,tB}.
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Let
Ht = 0’(.7:25_1, Rt).

Assume that, on the no-clipping event, the private update can be written as
Q: = QR(Qi—1 +mCiQi—1),

where

2 2 ..

Ci=5 > Ai+Gi,  Gi|Hy ~ GOEy(07) conditioned on |Gyl 54y < Np.
iel,
Assume oy is H¢-measurable. Then, under the sequential bounded-noise law,
E[C: | He] =X

and

1Ct =Xl a0y < Ma+Np a.s.

Consequently, with
Mpriv = MA + NB,

the updates C1, . .., Cr satisfy Assumption C with M = Mpyiy.

Proof. Since I, is disjoint from the previous blocks and the matrices A; are independent,

2 2
E EZAi Hi :EZ]E[Ai]
i€l i€l
2 B
75.5272.

For fixed H;, the conditional law of G is symmetric under G — —@, because both the GOE law

and the event
{IGll 2,1y < N5}

are symmetric. Hence

E[G¢ | Hi = 0.
Therefore

E[C: | He] = X.

Since F;_1 C H;, the tower property gives
E[C: | Fio1] = E[E[Cy | He] | Fr—1] = 2.

For the norm bound,

2
IC =Bl < || 5 Do (4= D)

i€l

Gl 2,1
(2,k)

2

SE,E 14i = Zl 2,5y + NB
i€l
2 B

< —.=-M N

=5 9 A+ Np

= M4 + Np.

This proves the claim. O

Theorem 14 (Phase I for bounded-noise private Oja updates). Work under the sequential bounded-
noise law of Lemma 27, and set
Mpriv = M4 + Np.

Let Ty = T. Assume that the hypotheses of Theorem 13 hold with
M = Mpyiy.
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Equivalently, all Phase I small-step conditions are imposed with
€ = 2nMpriv (1 4+ 7).
Then

P(|UTQr(VTQr) ™| >1) < 5 +¢&

[SCRRS

Consequently, dish(Q )
ist T,V S 1

with probability at least 1 — §/3 — &.
Proof. By Lemma 27, the private updates satisfy Assumption C with M = M,;,. Applying

Theorem 13 with this value of M gives the claimed probability bound and the distance statement. [

Theorem 15 (Main theorem for bounded-noise predictable Oja updates). Let A1,..., A, € Rx4
be independent symmetric random matrices satisfying

E[4;] =%, || A; — 2”(2,1@) < My a.s.
Let B be even and define
T:=|n/B|, I;:={B(t—1)+B/2+1,...,tB}.
Let V € R¥F contain the leading k eigenvectors of ¥, and assume

Pk = A — >‘k+1 > 0.

Work under the sequential bounded-noise law in which, conditionally on
He = o(Fim1,Ry),
the update matrix is
2
C; = 5 Z A; + Gy, Gy | Hs ~ GOE4(0?) conditioned on ||Gt||(2$k) < Nz,

i€l

where oy is Hi-measurable. Assume that, under this law, the Oja update is
Qi = QR (Qi—1+mCiQ—1) -

Define the effective boundedness parameter

Mprjv = M4 + Np.

Let § € (0,1), and set

0 26 é
0y = = o1 = — = —.
1 2 11 3 3 6
Let Ty < T be the Phase I length. Choose an integer L satisfying
kT? 8dT)
L Z 00672 log é_ ,
and define
miife 1= To(L + 1)
Set
6k 1275 (mlift + 1)
po:=|logo |, pri= (log——— =1, p.:=max{po, p1}-

Let C., > 0 be the universal constant from the Gaussian initialization lemma, and choose

= max{e, CW;} .
I

2 2d 2
L, := max{l, log( ]:2/;: )}
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Let Cy, > 2 be a sufficiently large universal constant and set the Phase I step size
_GyLy

. 1<t<Ty.
prTo 0

m=n:

Assume Ty is large enough that

Ty > max 4CnL7MpriV(1 + 7)7 205, Ly ||2H27
Pk Pk
2000ﬂp*L7M§riv(1 + 7)2 486207%p*L’2yM§riv(1 + 7)2 }
2 ) 2 :
Pk Pk

Fort > Ty, use the Phase II step size

_@( 1 ) B_(:j Mgriv
TEE\ BTy ) a o )’

with constants chosen as in the predictable Phase Il theorem, with failure probability éry.
M, riv
|QrQr —VVT|, <=2

Mprivk
PO
Pk

with probability at least 1 — 6, where C' > 0 is a universal constant.

Then, for every T' > Ty, the output Q satisfies

Proof. By Lemma 27, under the sequential bounded-noise law,
]E[Ct | ft—l] = Z

and
”Ct—EH(Q,k) < M4+ Npg :Mpriv a.s.

Thus the updates C', . .., Cr satisfy Assumption C with M = M,y
The empirical lifting construction uses supports of size at most
miige = To(L + 1).

With the above definitions of pg, p1, p«, v, L, 1, the displayed lower bound on 7§ implies the Phase

I small-step and length conditions required by Theorem 13 with M = M, failure parameter dy,
and lifting error £. Therefore

. o1 §

P(dist(Qr,, V) >1) < o +E=¢

On the event dist(Q1,, V') < 1, the predictable Phase II theorem applies to the martingale-difference
updates Cy — X, using

E[C; — ¥ | Fi1] =0, 1C: = Zll(9.1) < Mpriv-
With the stated decaying step sizes, it gives

Mprivk
My W)
T T ¢ M priv
A% <C
HQTQT ||F = Ok T-T,
with conditional failure probability at most
26
(5[[ — E .
Combining the Phase I and Phase II failure probabilities gives total failure probability at most
b 25
-+ =4
3 * 3
This proves the theorem. O
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